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'■ Abstract 

^^ . Martingales often play an important role in computations with Schramm- 

^ ' Loewner evolutions (SLEs). The purpose of this article is to provide a 

C^^ I straightforward approach to the Virasoro module structure of the space 

nI ■ of local martingales for variants of SLEs. In the case of ordinary chordal 

SLE, it has been shown in Bauer&Bernard: Phys.Lett.B 557 that poly- 
nomial local martingales form a Virasoro module. We will show for more 
general variants that the module of local martingales has a natural sub- 
^5^ ' module M that has the same interpretation as the module of polynomial 

■"-^ , local martingales of chordal SLE, but it is in many cases easy to find 

1-5 ' more local martingales than that. We discuss the surprisingly rich struc- 

ture of the Virasoro module M and construction of the "SLE state" or 
fH . "martingale generating function" by Coulomb gas formalism. In addition. 

Coulomb gas or Feigin-Fuchs integrals will be shown to transparently pro- 
duce candidates for multiple SLE pure geometries. 
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.!h ! 1 Introduction 

X 

H ' In [33 Oded Schramm introduced the SLE (stochastic Loewner evolution or 



Schramm-Loewner evolution) to describe random conformally invariant curves 
by Loewner slit mapping technique. The study of such objects is motivated 
by two dimensional statistical mechanics at criticality. Continuum limits of 
critical models, when they can be defined, are scale invariant and it seems 
natural to expect conformal invariance as well. SLE would then describe the 
continuum limits of curves or interfaces in such models. The introduction of 
SLE marked a leap in understanding geometric questions in critical statistical 
mechanics. However, the original definition of SLEs is quite restrictive what 
comes to the boundary conditions it allows. To treat more general boundary 
conditions, one uses variants of SLEs. Already the first papers [31] [32} [33} [36j 
[34] involved a couple of variants, and later further generalizations have been 
explored. This paper treats variants of quite general kind: we allow several 
curves and dependency on other marked points. 



The question of continuum limit of critical models of statistical mechanics 
has been studied by means of conformal field theory (CFT) as well. Roughly 
speaking CFT classifies local operators by their transformation properties under 
local conformal trasformations. Such classification resorts to representations of 
Virasoro algebra. The relation between SLEs and CFTs has attracted quite a 
lot of attention recently, see e.g. [2 HOI llU El [27] . CFT and a related method 
known as Coulomb gas have lead to numerous succesful exact predictions about 
two dimensional models at criticality during the past two and a half decades. 
Applying the Coulomb gas approach to SLEs has also been considered in the 
literature O [281 [Ml [23] . 

In this paper we will show that the space of local martingales for SLE variants 
carries a representation of the Virasoro algebra — thus bringing the classifica- 
tion by conformal symmetry to natural SLE quantities also. A group theoretic 
point of view behind this kind of result was presented for the particular case 
of chordal SLE in ^Sj . The approach of this paper is more straightforward and 
concepts that are needed are simpler (maybe at the loss of some elegance) . Fur- 
thermore, we will address the question of the structure of this representation. It 
is remarkable that already when considering some of the simplest SLE variants, 
many different kinds of representations of the Virasoro algebra appear natu- 
rally: from irreducible highest weight modules to quotients of Verma modules 
by nonmaximal submodules and Fock spaces. 

The Coulomb gas method will be studied as means of constructing the "SLE 
state" (or martingale generating function) . It will also lead to explicit solutions 
of a system of differential equations that are needed to define multiple SLEs 
[T2l[6l[22] in a way much reminiscent of [Hj. In [6] a conjecture about topological 
configurations of multiple SLEs was presented. Our expHcit solutions are argued 
to be the "pure geometries" meant by that conjecture, that is multiple SLEs with 
a deterministic topological configuration. 

The paper is organized as follows. In Section [2] we introduce SLE and give 
the definition appropriate for the purposes of this paper. Section [3] is an infor- 
mal review of the idea of "SLE state" (in the spirit of Bauer and Bernard), which 
constitutes the core philosophy and heuristics underlying our results. The main 
results of algebraic nature are then stated in Section [4l we define a representa- 
tion of the Virasoro algebra in a space of functions of SLE data and show that 
local martingales form a subrepresentation. A further natural submodule ^A 
can be constructed using nothing but the defining auxiliary function of the SLE 
variant in question. In the light of a few examples we make the first remarks 
about the structure of this Virasoro module. Section [5] briefiy reviews some 
algebraic aspects of the Coulomb gas method which are then applied to con- 
structions of SLEk(p) and multiple SLE states. In particular concrete solutions 
to the system of differential equations needed for multiple SLE definition are 
obtained as Feigin-Fuchs integrals. Finally in Section [6l we digress to discuss 
various aspects of the topics of earlier sections. Choices of integration contours 
of screening charges are argued to give rise to the "pure geometries", we com- 
ment on fully Mobius invariant SLE variants and discuss prospects of completely 
resolving the structure of the Virasoro module Ai by BRST cohomology. 

The general purpose of this paper is to exhibit a useful algebraic struc- 
ture of local martingales for the multiple SLEs, and to provide a language and 
an elementary approach to this structure. The approach has applications to 
SLE questions of different kinds, in particular to the well known conjectures of 



chordal SLE reversibility and SLE duality [291126]. 

2 Schramm-Loewner Evolutions (SLEs) 

2.1 Curves in statistical mechanics at criticality and SLEs 

The realm of two dimensional models of statistical physics at their critical point 
allows lots of exact results, much owing to the observation that these models 
often exhibit conformal invariance. There is indeed a general argument that 
at criticality the continuum limit of a two-dimensional model with local inter- 
actions is described by a conformal field theory. Since 1980's, this approach 
to studying the critical point has proved extremely powerful. A key point in 
conformal field theory is to observe that we can let Virasoro algebra act on 
local operators, thus vastly reducing the amount of different operators needed 
to study. The moral of this paper as well is that the action of Virasoro algebra 
on an operator located at infinity allows us to build local martingales for SLEs. 
We will comment on this interpretation in Section [3?2l 

While conformal field theory is traditional and successful, Schramm's seminal 
article [37] uses another way of exploiting the presumed conformal invariance. 
Instead of local objects the attention is directed to objects of macroscopic scale. 
Whenever there exists a natural way of defining an interface or curve of macro- 
scopic size in the lattice model, the same could be hoped for in its continuum 
limit. The conformal invariance conjecture then concerns the law of this curve 
in continuum limit. 

To be more precise about the setup let us consider the case that corresponds 
to chordal SLE, the simplest of SLE variants. Imagine our model is defined in 
a simply connected two dimensional domain A C C and that there is a curve in 
the model from point a £ dA to b £ dA. Let us denote by 7A;a,6 the random 
curve thus obtained. The conformal invariance assumption states that for the 
same model in another domain A' such that there is a curve from a' € dA' to 
b' € dA' , the law of jA';a',b' is the same as that of the image of jA;a.,b under a 
conformal map / : A ^ A' with /(a) = a' and /(&) = b' . 

In addition to the conformal invariance one needs another property that is 
frequently satisfied by curves arising in models of statistical mechanics. If one 
considers the model conditioned on a piece of the curve starting from a, say, 
then the result is often just the same model in a subdomain with the piece of 
the curve removed and the remaining part of the curve should now continue 
from the tip of the removed piece. This property is referred to as the domain 
Markov property. 

It is an exquisite observation by Schramm that when one uses Loewner's slit 
map technique to describe the curve starting from a, then the requirements of 
conformal invariance and domain Markov property can be used together in a 
simple but powerful manner. The conclusion is that there is a one parameter 
family of probability measures on curves in A from a to 6 that satisfy the two 
requirements. The sole significant parameter is called k > 0. For concreteness 
take A = H = {z e C : 5m z > 0}, a G R, & = oo, and 7 : [0, oo) ^ H a 
continuous parametrization of the random curve 7H;a,oo. Then the conformal 
maps gt from the unbounded component of H\7[0, t] to EI satisfy go{z) — z and 



the Loewner's equation 



dgtiz) = —— — d(A)t , 

gt{z} -At 



where At is a continuous martingale, {A)t its quadratic variation, and Xq = a, 
dXt = ^/k dAt. The curve can be recovered through j{t) — Hm^j^o 9t^^{^t +ie), 
see [36]. The usual SLE terminology is the following: 7[0, oo) C H is called the 
SLE trace and by filling regions surrounded by the trace one obtains the hull 
Kt, the closure of the complement of the unbounded component of H\ 7[0,t]. 
Thus gt : M\ Kt ^ M is a, conformal map. 

By now there are many very good and comprehensive reviews of SLEs, e.g. 
[4m [25j m US! do], each of them taking a different perspective to the topic. 
In these the reader will find motivation, definitions, history, properties and of 
course applications of SLE. 

2.2 Definition of SLE variants 

The chordal SLE described above arises from simple boundary conditions that 
ensure the existence of a curve from one boundary point to another such that 
no other point plays a special role. However, we may easily imagine our models 
with boundary conditions that depend on other points and perhaps give rise to 
several curves. We will thus give a less restrictive definition. However, to keep 
the notation reasonable we allow these special points only at the boundary. To 
allow marked points in the bulk, z € A, is a straightforward generaHzation (a 
bulk point can be treated just as a pair of boundary points) but it would lead 
to an unnecessarily heavy notation. 

The definition is motivated by the connection of conformal field theory and 
statistical mechanics, see e.g. [HE]. If the reader doesn't find this motivation 
sufficient, the use of our definition can be justified by the fact that most SLE 
variants proposed so far are covered by this definition: chordal SLE^, SLEk(/3), 
commonly used variants of multiple SLEs [6l [22l [14] , and with minor changes 
radial SLE^ and radial SLEk(p) as well as mixed cases |38) . 

We will give the definition of SLE variants in the upper half plane H = {z e 
C : 3m z > 0}. In other domains the SLEs are defined by conformal invariance. 

Let K > 0. There will be SLE curves starting at points Xq, . . . , X^ e M = 
9IHI. The curves look locally like chordal SLE^ or chordal SLE^* , k* — 16/ k. 
These are the two values of kappa that can be consistently considered at the 
same time |221 [12] and the only two that correspond to CFT of central charge 
c(k) = i(6 - k)(6 - 16/k). Thus for / = 1,...,7V let K7 G {k,16/k}. We 
denote h^^ — ^~^' , in CFT these are the conformal weights of boundary one- 
leg operators. 

The "boundary conditions" may also depend on points Yq , . . . ,YfJ^^ e M. 
Numbers hy^,. . . , hyj^^ € M are parameters: in CFT they are the conformal 
weights of the boundary (primary) operators at the points Yq,..., Yq^ . The 
points Xq, . . . ,X^ ,Yq, . . .Yq'^ should be distinct. They will serve as initial 
conditions for the stochastic processes X{ and Y^^ defined below. 

The definition of SLE variant consists of requirements for an auxiliary func- 
tion Z (the partition function) , system of stochastic differential equations gov- 
erning the driving processes X^ and passive points Y/^ , and the multiple slit 



Loewner equation for the uniformizing map gt . After listing these requirements 
we will also recall the definitions of hull and traces, which are similar to ordinary 
SLE definitions. 

The auxiliary function Z is a function of the arguments xi , . . . , xn] yi, . . . , i/m 
that are ordered on the real line in the same way as Xq, . . . , X^; Yq,..., Y^^ . 
We assume the following properties: 

(a) Smoothness and positivity: Z is a smooth function of a;i , . . . , xn ,yi, . . . , yM 
taking positive real values, that is Z e C°°{S -^ R+), where S C M^+*^ 
is the set where the arguments xi, . . . , XN,yi, ■ • ■ , Vm are ordered in the 
same way as Xp, . . . , Xq , Yq, . . . , Y^^. 

(b) Null field equations: Z is annihilated by the differential operators 

Vj :^ii — + y^ ( ^ — + (^■/-6)/^J \ 

2 dx'j ^-^ xj ~ xi dxj [xj — xiY 

^y^/ 2 d 2V ^ 



j^^^'VK -XI dyK {yK-xiY' 

for all / = 1,...,7V. 

(c) Translation invariance: Z{xi + a, . . . , yM + cr) = Z(x\^ . . . , j/m) for all 

(d) Homogeneity: For some A e K and all A > we have Z(Axi, . . . , Xyu) — 
X^Z{xi,...,yM)- 

Sometimes we use only some of the assumptions or modifications of these. We 
will try to make it explicit which properties are used at each step. 

The "driving processes" X/, / = 1, . . . , A^, and "passive points" Y/^ , K — 
1, . . . , M , are assumed to solve the system of Ito differential equations 

dXi = ^dAi + Y..j^i xrhc^ d(A-'), 

+«;,(a,,iogZ)(4,..'.,r/0)d(A0t , (1) 

where the A^ are continuous martingales, {A^)t their quadratic variations and 
the cross variations vanish, {A^,A'^)t = for I ^ J. The solution is defined 
on a random time interval i € [0,t), t being for example the stopping time at 
which some of the processes AT^, . . . , F*^ hit each other for the first time or any 
stopping time smaller than that|l|. If \j^f exists, it's interpretation is is the 
growth speed in terms of half plane capacity of the /*'" curve at time t. 



^It is sometimes possible to continue the definition of an SLE consistently beyond the first 
hitting time of the processes X/ and Y^ , by another SLE variant. The question is interesting 
and frequently important, but for the purpose of this paper it has little significance. However, 
in |29| the interested reader can find an example application of the ideas of this paper to a 
conjectural formulation of SLE duality that requires consistent gluing of different SLE variants. 



The growth process itself is encoded in a family of conformal mappings 
(fl't)te[o,T)) which are hydrodynamically normalized at infinity 

g,{z) = z+ Y. g(*)zi+" = z + 0{z-') . (2) 

m<-2 

The conformal mappings are obtained from the Loewner equation 

^ 2 

with initial condition go{z) = z for all z e H. The set Kt is the closure in H of 
the complement of the maximal set in which the solution of ^ exists up to time 
t. We call Kt the hull of the SLE at time t — it is compact, its complement 
M\ Kt is simply connected and gt : M.\ Kt ^ M is the unique conformal map 
from M\ Kt to M. with hydrodynamic normalization ^ . 

One defines the traces by 7/ — liva^io g^^{Xl + is). By absolute continuity 
with respect to independent SLEs one argues that the traces have the same 
almost sure properties as ordinary SLE traces, see j22j. If k/ < 4 the trace 
7^^ : [0, r) — > H is a simple curve. On the other hand, if k/ > 4 the trace is a 
curve with self intersections and if k/ > 8 it is a space-filling curve. For example 
the fractal dimension of the trace 7^ is almost surely min{l + ^,2} as shown in 
[7]. Note also that for k 7^ 4 precisely one of the values k, k* — 16/k corresponds 
to simple curves and one to self-intersecting curves. 

Although the traces of SLE are the random curves that one is originally 
interested in, we hardly need them in this paper. Rather, our purpose is to gain 
an algebraic insight to the stochastic process defined by ([T]) and ([3]), which will 
sometimes turn out useful for studying the traces themselves. 

3 Prologue: SLE state a la Bauer & Bernard 

3.1 The state of the SLE quantum mechanics style 

Before even being precise about the setup, let us comment on a general phi- 
losophy that allows to guess how to build an appropriate Virasoro module of 
functions of SLE data, which we will do in Sections [HI] and HUl Here we intend 
to be impressionistic rather than precise, to get an overall picture. The idea re- 
sembles quantum mechanics: one wants to encode the state of the SLE at each 
instant of time in a vector space. This vector space carries a representation of 
the physical symmetries of the problem — in our case notably the conformal 
symmetry is represented infinitesimally by Virasoro algebra. 

The auxiliary function Z has been argued to correspond to statistical me- 
chanics partition function of the underlying model with appropriate boundary 
conditions [Tl[6]. In conformal field theory this should be a correlation function 
of the (primary) fields implementing the boundary conditions 

Z{xi,...,yM)^{^5^{oo) Y[i^5y^{yK)Y[i^s^^ixi))^ 

K I 

In the operator formalism of conformal field theory this is written as 

Z{xi,...,yM) = (cj^,*(a;i,...,a:Ar;yi,...,yA/)cJo) , 
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where uiq is the absolute vacuum, ^t is a "composition" of intertwining operators 
and uj^ is a vacuum whose conformal weight is that of the operator at infinity. 

Remark 3.1. The Sy^ and Sxj are conformal weights of the boundary primary 
fields and should be the same as hyj^ and hx, ■ But for the moment let us keep 
them as free parameters, it is instructive to see at which point we will have to 
fix their values. 

To create the state of SLE, one should start from the absolute vacuum loq 
of CFT in the half plane, apply the operator ^, implement the conformal map 
g^ by an operator Gg^ , and normalize by the partition function Z: 

Mt = ^.yi ^ ^M^ Gg, ^{xl, . . . , xf ; r,\ . . . , y/0 ^0 . 

^(,-^t : ■ • • : ^t ) 

While Z corresponded to the partition function, the ratios 

(u*,G3,vi,(xi,...,r/Oc.o) 



Z{Xl...,Y, 



M\ 



{u\Mt) (4) 



for any dual vectors u* correspond to correlation functions conditioned on in- 
formation at time t, see [HIS]. The state Mt in the state space of the conformal 
field theory would be a vector valued local martingale, a kind of martingale 
generating function [2l|3l|4j. 

3.2 The role of the Virasoro module 

We expect the space that we are working in to carry a representation of the 
Virasoro algebra. We recall that the Virasoro algebra Oir is the Lie algebra 
spanned by L„, n e Z, and C with the commutation relations 

[L„, L„i] = {n~m) L^+m + Tr(n^ - n)5n+mfi C and [C, L„] = . 

The central element C acts as a multiplication by a number c e C in all the 
representations we will study. This number is called the central charge. If we 
need several representations simultaneously, c takes the same value in all of 
them. 

In (|4]) we are free to project to any dual vector u* . A trivial thing to do is 
to choose u* = w^, in which case the numerator is also Z and the ratio ^ is 
constant 1, obviously a (local) martingale. 

But since the dual also carries a representation of Oir defined by (L„u*, w) = 
(^u*,L-nu), one easily obtains more interesting correlation functions. We can 
choose u* = i-m ■ • ■ L-n^^^ and thus build a whole highest weight module 

of these. In the rest of the paper what is denoted by M will play the role of this 
module. Morally it appears as the contravariant representation of the space in 
which the SLE state is encoded. Thus is should be interpreted as consisting of 
the descendants of the local operator at infinity. 



3.3 Explicit form of the representation 

Above it was argued that there should exist a Virasoro module consisting of 
local martingales. Let us now give a little concreteness to these thoughts. We 
should take a closer look at a couple of objects that appeared in the discussion: 
the vacua wq and w^ , the operator Gg^ implementing conformal transformation 
(/j~^ and the intertwining operator ^ . 

The absolute vacuum ujq in conformal field theory is a highest weight state 
of weight 0, in other words it is a singular vector Ln^o — for all n > 
and has the Lq eigenvalue 0, LotJo = 0. Moreover the vacuum uj^ should be 
translation invariant and since L_i represents an infinitesimal translation this 
means L^iluq — 0. These observations say that (generically) the Oir module 
generated by ujq is an irreducible highest weight module of highest weight 0. 

It is not as obvious that w^ should be the absolute vacuum. If it were, we 
would at least have Soo = 0- This case is related to Mobius invariance and it 
deserves a separate discussion, Section[621 But for now we only assume that wj^ 
is a singular vector, Lni^^ = for n > 0, and has weight Soo, Lquj^ = Soc w^. 
These assumptions mean that the boundary operator at infinity is primary. 

In the operator formalism of CFT, to a primary field ip5{x) of conformal 
weight S corresponds an intertwining operator ^^ (x) from one Virasoro module 
to another. The intertwining relations [i„, ^5 (x)] — {x^~^"--^ + {l+n)6x"-)'^s{x) 

are the infinitesimal form of the transformation property ^'.5(2^) — > fi^Yi^sifix)) 

of the primary field under conformal transformations /. Our operator ^(xi, . . . , xn', J/i, • ■ • , Vm) 

should be composed of several intertwining operators and thus it should have 

the intertwining property 



EiyK^"- 



K ^y^ 



+ (i + nMyKyI^)) *(•••) 



Finally we discuss the operator G/ implementing the inverse of a hydrody- 
namically normalized conformal map / whose power series expansion at infinity 
is /(z) = z + X)j<-2 Z''^^''^'- '^^^ construction of G/ was done in [1]. The 
operator takes values in the completio n of the universal enveloping algebra of 
negative generators of Oir, that is G/ £ Z^(Dir_), and the mapping / 1-^ G/ is a 
group anti-homomorphism. The defining properties are Gid^ — 1 and 



=/-i:5^/K"'7^ H'"'^'^" f'i) 



Conversely it was also computed that for fc < — 2 we have 

In addition Bauer and Bernard showed that under conjugation by G/, L„ trans- 
forms in the following way 



-£(„-s/w)d.+i:^£(„-^).... 



c 1 ^ 1 /- / f'(..\'l 

f ^ 12 27ri.,,,. 

k<n 



where Sf{z) = fiz) ~ K f'f^) ) ^^ ^'^ Schwarzian derivative. This is the 
transformation formula of the modes of stress tensor under the conformal map 

/. 

The properties of G/ above can be combined, by separating k < —2 and 
— 1 < fc in Gj^L^nGf, to yield 

Gf L^nGf 



£(„.-"5/«) ^-_E_ i£ ("'-"7^^) ^-. 



-l<fc<-r 

^f^^2TTtf^\2mJ^\ ■> ^ ' f(z)-f{u)J J dfi ^ 

Using the intertwining property of ^ to commute the Lfe, fc > — 1, to the right 
we obtain for all u* the formula 

(L„-u*,G/*(a;i,. .. ,yM)uJa) = (u*, L_„G/*(a;i, . . .,yM)(^o) 

= {u, Gf{Gj^L^„Gf)'<5!{xi, ..., yM)iOa) 
= £„ (m*,G/*(xi,.. .,yA/)wo) , 
where £„ is the differential operator 

12 2m f^^ ^ ^ ^^ ^ 2m J^ 2m J^ \ f{z) - f{u) J dfi 



V ^ Sttz £ 



'- ^du+^i r-:"^^(-nd. ^ 



l-n fl („,\2 



— \ 

dxi } 



(6) 

Recalling that Z — (w^, \I'(- • • )loo) — {i^lo' Gf'^{- ■ ■ )wo); the Virasoro module 
M. can be constructed starting from Z and recursively applying the differential 
operators £„ above. Note that if lu^ is indeed a singular vector and a weight 
vector, using only n < will be sufficient. 

3.4 The plan and remarks about earlier work 

If we have faith in the above philosophy we now have at least two possible ways 
to proceed. One would be to construct explicitly the state Mt in an appropriate 
space that carries a representation of Virasoro algebra and check that it is indeed 
a vector valued local martingalcl. The other one is to more or less forget about 
the above discussion and just check that the procedure of applying the expHcitly 
given operators £„ allows us to build local martingales starting from Z. 

The advantage of the former way is obviously that it makes direct contact 
with quantum field theory. The state Mt encodes the information of the SLE 
at time t — all of it if we are lucky (or smart) . We will indeed take on the task 
of constructing Mt for some cases of particular interest in Section [H 



^This is the approach that was succesfuUy appKed to chordal SLE in (JJE 



The latter way might seem slightly brutal, especially considering the not 
particularly elegant formula ^. But the straightforwardness has its own ad- 
vantages as we will see. The concepts needed are certainly simpler: the work 
boils down to studying the first order differential operators £„ in relation with 
the SLE process. One need not know anything but the definition of the SLE 
itself (the partition function Z being a part of it). In particular, we can start 
to work without taking a stand on the question in which space Mt is supposed 
to live. One might make a natural guess that a highest weight module for Oir 
is appropriate (maybe irreducible, maybe the Verma module or maybe the quo- 
tient of Verma module by a non maximal submodule) , but in fact it will turn 
out that this is not possible even in some of the simplest cases — remarkably a 
coordinate transform of the chordal SLE. 

We mainly follow the latter approach due to its virtue of straightforwardness. 
Yet a small benefit is that it offers something of an alternative to the formaHsm 
that has already been presented in the literature [HI [11 [I]- Only Section [5] will 
address the question of constructing Mt. 

4 The Virasoro module of local martingales 

In this section we state the main results about the representation of Virasoro 
algebra in the space of local martingales. To define the representation, we need 
some preliminaries about formal distributions which are provided in Section [421 
Next we discuss a concept of homogeneity in Section 14.31 After having defined 
the representation on the space of functions of SLE data. Section 14. 4^ we will 
show, in Section [im that local martingales form a subrepresentation. We also 
show that the very natural further submodule M is a highest weight represen- 
tation if the auxiliary function Z is translation invariant and homogeneous. 

4.1 Functions of SLE data 

The information about the SLE state at time t consists of the hull Kt cM and 
positions at which the special points are located, that is the tips of the N traces 
and M marked points. The hull is alternatively encoded in the uniformizing 
map gt : M\ Kt ^ M, and gt takes the tips of the traces to X^ , . . . , X^ and 
marked points to 1^^, ... , Fj*^. Furthermore, the map gt is uniquely determined 
by its expansion at infinity ([2]). Therefore, the information can be represented 
by the infinite list of real valued stochastic processes 

yl vN . T^l T^M . (t) Jt) (t) 

yvj,...,yi_( ,ij,...,ij , c/_2i y-3' y-4' ■ ■ ■ 



K 



governed by equations H]) and ([3]). 

The kind of local martingales we want to build are functions of X/, Yj 
and gi . More precisely, we are looking for functions of variables xi, . . . ,xn; 
2/1, ■ • ■ , J/A/; /-2, /-3, ■ • ■ such that for any such function rj, the ratio 

r]{xi, . . . , Xjv; yi, . . . , ^m; f-2, /-3, ■ ■ ■) 
Z{xi,. .. ,xn) 

evaluated at xj — X^ , i/k — Yt^ y fi — 9i i^ ^ local martingale. 
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The proposed operators £„ in ([6]) contain infinitely many terms: for each 
I there is a term (• • ■)-^- In order to avoid convergence problems we only 
consider polynomials in the variables /_2, /-3, ■ • ■• We also need to differentiate 
in variables xj and yK- Therefore we choose to work with functions from the 
space 

where S is the subset of M^+*^ where the variables xi, . . . ,XN,yi, ■ ■ ■ , yu are 
ordered in the same way as the initial conditions Xq, . . . , X^ , Yq , . . . , Yi^^ . 

Remark 4.1. The algebra is rather independent of our choice of function spaces. 
One may want to replace T by some other space and as long as it is possible 
to make sense of the operators and establish Corollaries \4-2\ and \4-5[ this is no 
problem. 

4.2 Formal distributions 

This section will briefiy recall the basics of formal distributions as they will soon 
be needed. A good treatment of the subject can be found e.g. in [24] and we 
use some results whose proofs are easiest found there. 

For U a vector space, we denote by U[[z, z~^, w, w~^, . . .]] the set of formal 
expressions of type 



E 






where am,n,... G U. We call expressions of this type formal distributions in 
the indeterminates z,w, . . . with coefficients in U. Important subspaces include 
series with only non-negative/non-positive powers, finite series and semi- infinite 
series. 



U[[z]] := { Y^ a.^z"' : a^&U for all m G N} 

mSN 

U[z, z^^] := { yj flmZ™ : am & U for all m e Z and &„ = for \m\ :$> O} 
U{{z)) := I 2^ o-mz"^ : a™ £ U for all m £ Z and &„ = for m ^ 0} . 

We use similar notation for several variables. 

The residue of a formal distribution is defined by 

Resz ^ flmz™ = a_i . 

A formal distribution ^^^ ^ ^^ am,n,... z™-w"' ■ ■ ■ can also be viewed as a formal 
distribution in the indeterminate z with coefficients in U[[w, w^^ , ...]], so we can 
understand HeSz a{z,w, . . .) £ U[[w, w~^, ■■■]]■ 

In this paper all vector spaces are over C, and U is usually an associative 
algebra, U — C or U — End V. Thus we have naturally defined products e.g. 
C[z, z-i] X U[[z, z-i]] ^ U[[z, z-i]] and U{{z-^)) x U{{z-^)) -^ C/((z-i)). Note 
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that whenever a{z)b{z) is defined, the Leibniz's rule dz{a{z)b{z)) = {dza{z))b{z)+ 
a{z){dzb{z)) and ReSz dzc{z) — lead to an integration by parts formula. 

We denote the two different power series expansions of the rational function 

(z — w)^"'"^^ by 



1 X v-^ m 



w 



J2 [ )z-'-"'w"'-' eC[[z,w~'] 



' ' rn— — oo ^ 

The formal delta function b{z — w) = Ylnez ^^^^"w" G C![[z, z~^,w, w~^\\ and 
its derivatives are differences of two expansions 

1 1 1 

-di5{z -w)^ ( ,,_.,.M+J |.|>|^,| - (l 



j! '"^ ' ^(z- w)i+i''|2|>K'l ^(z--u;)i+J''l'"l>kl ■ 

The delta function has the following important property 

ReSz h{z)&{z — w) = h{w) 

for all h{z) G t/[[z, z""'^]]. This is an analogue of a basic result for analytic func- 
tions, where residues can be taken by contour integration. If h{z) is holomorphic 
then the difference of contour integrals around origin of h{z)/{z — w), for \z\ big 
and \z\ small, is seen by contour deformation to correspond to the residue at 

z = w, that is h{w). 

For the rest of the paper we will denote 



/(z) = Z + /_2Z"' + /-3Z~' + --- = ^+ Y. f"-^^ 



+" e zCffz-^l 



the formal distribution analogue of hydrodynamically normalized conformal 
map, ^. Rather naturally we also use the formal distributions which are ex- 
pansions at infinity of quantities like 

/'(z) = I - f^2Z-^ - 2f^3Z-^ - 3f^iz-^ - ■ ■ ■ 
f{zT = z" -I- n/_2^"-2 + n/_3^"-' + (n/-4 + f ") Z^^)^""' + ' ' ' 



^2^ 
5/(z) = - 6/_22-" - 24/_3^-' - (60/_4 + 12/!2)^"' + ' ' ' , 

all in the space C((z~^)) of formal Laurent series at oo. Note that products of 
these series are well defined in C((z~^)). 

4.3 Homogeneity 

Let us introduce a homogeneity degree that clarifies the algebraic manipulations 
and has a concrete geometric meaning. If one was to scale the SLE hull by a 
factor \ > Q, Kt — XKt, one would end up with the uniformizing map gt{z) — 
Xgt{z/X), i.e. (jm — X^"^gm, driving processes X^ = AX/, passive points Y/^ — 
\Yf" and growth speeds d{A^)t — A^d(yl^)t. We don't care so much of the 
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change in speeds, but we assign a degree 1 to variables xi, . . . , xn] 2/i, • ■ • , Vai 
and a degree —m to fm. An element </) G JF is called homogeneous of degree 

A if (l>{Xxi, . . . , XyM'A'^ 1-2^^ f-3, ■ ■ ■) = A'^0(xi,...,j/m;/-2,/-3,---)- Such 
scaling arguments are useful in figuring out how results look in general. The 
simplest cases are e.g. /(z)" = A"/(z/A)", which tells us that the coefficient of 
z*"' in the expansion of f{z)" must be a polynomial of degree n — fc in the /;. 
Another example is derivatives, /('"^(z) — A^^™/*-" (^/A) so that the coefficient 
of z'^ in the expansion of f'-'"^'{z) must be of degree 1 — m — k. 

Rational functions of / deserve a comment. Note that whenever F £ 
C((z-i)), we can "compose" F(/(z)) e C((z-i)) by using /(z)" e z"C[[z-i]] 
— only finitely many terms contribute to a fixed power of z. Thus the notation 
of rational functions of / means that we first expand the rational function and 
then the /(z)" terms, e.g. 

The coefficient of z*^ is homogeneous of degree — 1 — j — fc since x is of degree 1. 
We often need to replace x in the above expression by /{w), say. But this still 
makes perfect sense in (C((w~^)))[[z~^]]. 

We will furthermore record for future application a "change of variables for- 
mula" 

Res, f'{z)F{f{z)) = Res, F(z) . (7) 

To prove the formula it is by linearity enough to prove it for F{z) = z", that 
is Res, /'(z)/(z)" = 6n,-i- For n ^ — 1 we can use Leibniz's rule /'(z)/(-z)"' = 
;;;^9, (/(z)^+") so the residue vanishes. For n = — 1 on the other hand one has 
/'(z)/(z)-i = (1 + 0{z-^)){z-^ + 0{z-^)) = z-i + 0(z-^) so the residue is 
equal to 1. 

4.4 The representation of oir on JF 

We are now ready to check that the formula ^ defines a representation of 
Virasoro algebra on T. Working with formal series we ought to indicate carefully 
the expansions we use and therefore the proper definition reads 

r — 

+ Z]/'(^)'('^-^((/(u)_a;,)2)|/(«)|>k,| + (j~(y)_2,^)|/(«)|>|.,| a^j 

1 X , 1 , d 



E/'H'('^i'- 



J, {f{u)~yKr'\fM\>\y'<\ V(w)-yK'i^(")i>i^-i dvK 



(8) 



The numbers c, Sxi,Syj^ e C are free parameters so far. But for the representa- 
tion to be of relevance for SLE the parameters will have to take specific values, 
see Proposition 14.41 
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We remark that all terms are either multiplication operators by polynomials 
in xi, UK, fi, or a derivative in one of the variables composed with a multipli- 
cation by polynomial. Therefore £„ are clearly well defined on T. 

A more detailed look at the polynomials reveals that each of these is homo- 
geneous and the degrees are such that £„ lowers the degree of a function by n. 
Explicit expressions for £„, n > —2, are listed in Appendix [Bl 

It is convenient to form a generating function of L„: the stress tensor, for- 
mally T(C) = X)nGZ C~^~"-^n- For our representation defined by |(8)) we have 
no = E„C-'-"^n e {EndT)[[CX-']] given explicitly by 

^(0 = i|C"'^/(^) 



+c-'f'{j?\-J2^^^^'^^'''i 



C' \ /-/--"' 'f(w)-fa)'\f(-)\>\nV\dfi 



^[^■f(r)^^J\fa)\>\xi\ fi^^ +^^^ 



(9) 
The Cn are recovered as £„ = Res^ C^+"T(() = Res„ w^^^"T(u^^). 

Remark 4.2. As expected, T(C) is "located" in the physical space at 1/C- This is 
because the £„ morally act on the contravariant module and produce descendants 
of the operator at infinity, see Section [STB . 



To show that formula ^ defines a representation of Oir it is slightly more 
convenient to compute the following commutator. 

Proposition 4.1. We have the following commutation relation 

[A., r(c)] = ^(^' - ")c"-2 + 2r(c)(i + n)c + r'(c)C'+" • 

The computation is quite lengthy so we will give it in Appendix lA.2l Equiv- 
alent formulations of Proposition 14.11 are given below, see e.g. [21] Theorem 
2.3. 

Corollary 4.2. The commutation relations of Cn are 

[£„,£„] = (n - m)Cn+rn + Ti^i^^ - 'n-)Sn+rnfl 

and thus they form a representation of Oir on J- . Equivalently, we have the 
operator product expansion 



3! 

siC-o{r'iO) ■ 
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4.5 Local martingales 

Having defined a representation of Oir in T , we now turn to the topic of SLE 
local martingales. As suggested in Section HA] we pose the question for which 



^(X/,...,Xf;y,\...,y/^;gitgit...) 

z(xi,...,xf;r,i,...,r/'0 



(10) 

is a local martingale. The answer is given by Lemma SSI The notation will be 
simplified if we define for / = 1, . . . , iV the differential operators 

rn<-2 "^"^ 

acting on T, where Vj is as in (b) and Pm(/-i, /-2, /-3, • ■ ■) is the homogeneous 
polynomial! Res„ v-'^~"^{jij^Yfj—J\f(v)\>\f-i\ of degree -2 - m. 

Lemma 4.3. Suppose the SLE has driving processes and passive points {Ip, aux- 
iliary function Z satisfying (h) and gt defined by (^ with coefficients denoted 
as in (0). Then, for any rj E T , the ltd drift of flO]) is given by 

1 ^ 

^^^^J-^^(Ary)(X^...,r/^;5il/t..)d(A0, . 

Proof. Observe that equation ^ leads, by considering §^dz z~^^"^-^gt{z), 
to the following drifts of the coefficients of gt 

dg(^) = 2^ Res. ^"^^ . .^ . d(A^), 



2j2Pm{-X{,g%g%...)d{A')t. 



I 



The arguments of rj and Z are governed by the above and the diffusions ([T]) so 



^The pm were also present in [3]. It is sometimes nice to know that they can be obtained 
, a 
P-3 = -/-I, P-4 = -/-2 + fli and so on. 



from the recursion p_2 = 1, and P-m = ~ 5ZfcLi f-k P-m+k for "* < —3. Thus e.| 
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we can compute the drift of 77 /Z directly by Ito's formula with the result 



7n<—2 I 

}_,K±d^ ^p 2 c> ^ 29 

Z ^ 2 9a;2 ;^ ^-^ ~ ^/ ^^^ ^ y^: - a:/ 9yx 

+ 2 Y. p„(_:,,,...)^,,)}d(A^), . 

m<-2 •'"' 

Now use the null field equation (b) to rewrite the ;^-term as 






The assertion follows. D 

By Lemma l473t the operator Aj corresponds to drift caused by growing the 
jth (.yj.yg 'jjjg crucial property of Ai, a generalization of a result in [S], is 
stated in the next Proposition and Corollary. The proof of the Proposition is 
again left to Appendix KH Note that for these results we need to fix the values 
of the parameters S^j , Syj^ and c. 

Proposition 4.4. If Sxj = h^^ = ^^ for all I ^ 1,. . .,N, Sy^^ = hy^ for all 
K — 1, . . . ,M and c — c(k) = "^"2^ — '^^ have 

Corollary 4.5. If Sxi = h^j, Sy^^ = hy^^ and c = c{k) as in Proposition\4-4\ 



-'Vk ^ ""UK 

we have 



[Cn,Al] = qn{xi;f-2,f-3,---) Al 

where qn is a homogeneous polynomial of degree —n, non-zero only for n < 0. 
In particular, if rj E Ker Ai, we have LnTj G Ker Ai , too. 



Proof. Multiply the formula in Proposition 14.41 by (■!+" and take the C residue 
toge10 

qnixr, f-2, /-3, . . .) = -2 Resc r'+"/'(l/C)^( (j^y^j^^),,^/,), ,,,,, ■ 



'*For concreteness, the lowest qn are go = —2, g_i = —4a;/, 5^2 = — 6a;| + 8/-2. As in [5], it 
is possible to recover the higher g-m from these recursively. We use L_„_i = ^j^[L_i, L_„] 
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The degree of homogeneity is easily found for example by comparing 

-^'^'"mi^ =EC'"'7-2-™(:.,/-2,...) and 

= 5;A»(AC)"'5_2-„(i,/-j,...). 

m 

The other claims are immediate consequences. D 

Remark 4.3. From now on we will always use the representation with the values 
c, Sxj , Sy^ fixed in Proposition \4-4\ i^d Corollary \4-5\ since it is the one that is 
useful for building local martingales. 

In view of Lemma 14.31 the subspace of J- of local martingales for the SLE 
is {r]/Z : r] G H/Ker Aj} and by Corollary 14. 5^ H/Ker Ai is a Virasoro mod- 
ule. There is a submodule of great importance that can be constructed from 
the partition function only, the one whose motivation was discussed in Section 
13.21 The partition function Z e .F is a constant polynomial in the variables 
/_2, /-3, ... so the null field equations (b) imply that Z € H/Ker Aj. This is of 
course nothing else but the trivial observation that the constant Z/Z = 1 is a 
local martingale. By Corollary 14.51 we can apply the Virasoro generators to Z 
to construct the space 

M := U{mv)Z C n/Ker Ai C T . 

Thus we have built a large amount of local martingales using only the objects 
given by the definition of the SLE. 

Let us state a couple of further easy consequences. 

Corollary 4.6. Both M and H/Ker Ai are suhmodules of the oit-module T 
and M. C (H/Ker Ai. The auxiliary function Z is annihilated by Cn for n > 2 
and thus M is spanned by CS^ ■■■'C"^Z, where m > —1, rij G N for all 
j — ~m, . . . , 1. If we assume (c), then CiZ = and if we assume (d), then 
CqZ = (A + '^j hxj + J2k ^vk)^ ■ ^'^ conclusion, assuming (c) and (d), Ai is 
a highest weight module for Oir with highest weight vector Z and highest weight 



Proof. That T has submodule H/Ker Ai was shown in Corollary 14.51 We 
observed that Z £ H/Ker Aj and defined M as the minimal submodule con- 
taining Z. The explicit expressions for £„ given in Appendix [B] show that £„ 



and Jacobi identity to obtain for n > 2 

[C-„-i,Ai] =^—-[[C-i,C-n],Ai] 
n — 1 



n 
1 



— (- [q-„{xi,f.2,---)Ai,C^{\ + [q-r(xi,f.2,---)Ai,C-„]) 



-([£-i,(?-,i(a;7,/-2,...)] - [C-n,q-i{xi)\) Ai 

n — 1 
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71 > 2 contain only terms (•••)^ ^-nd thus they annihilate functions that 
don't depend on /_2,/-3,.-., in particular Z. The only term in L\ that 
is not of this form is ^^ g| — V ^YIiK af~ ^"^^ the only such term in £o is 
Y^ii^^i + ^^/gfj) + I]k(^i/r- + VK^j^)- Thus the assumption (c) of trans- 
lation invariance guarantees £iZ = and the assumption (d) of homogeneity 
gives£o^=(A + E/^^. +EK/»yic)^- □ 

Remark 4.4. 7i may seem slightly inconvenient that we have chosen a repre- 
sentation which preserves the space of "Z times local martingales" and not local 
martingales themselves. If we have a local martingale ip £ T , then {Ln{Zip))/Z 
is another local martingale. It would of course he possible to redefine Cn'p — 
{Ln{Zip))/Z . The Cn define a representation of Oir and they now preserve the 
kernel of the generator of our diffusion. The local martingales corresponding to 
Ai are those obtained by repeated action of Cn on constant function 1. But the 
formula has become Z -dependent 

^ Z f(u) -XI ^ Z f{u) - yK 

expanded in \f{u)\ > \xi\ and \f{u)\ > {yxl- 

4.6 First examples 

4.6.1 The chordal SLE 

The simplest SLE variant, chordal SLE, is a random curve from one boundary 
point of a domain to another. It is customary to choose the domain to be 
the half-plane H, starting point of the curve the origin Xq — and end point 
infinity. The number of curves is one, A^ = 1, and there are no other marked 
points M = 0. The partition function is a constant Z{x) — 1. It is also 
customary to fix the time parametrization by {A)t — t. 

The local martingales of chordal SLE were studied in [3j. Due to constant Z, 
the operator A is just the generator of the diffusion in variables Xt, g_2, g_3, ■ • • 
and Xt is merely a Brownian motion with variance parameter k. It is then pos- 
sible to consider A as an operator on the space of polynomials C[x, /_2, /-a, ■ . ■]. 
It was shown that Ker A C C[x, /_2, /-3, . ■ .] is a Virasoro module with cen- 
tral charge c = c{k) and constant functions having Cq eigenvalue /ii,2(k) — ^^. 
Moreover, the fact that polynomials form a vector space graded by integer degree 
(defined as in Section ITS]) such that the subspaces are finite dimensional allowed 
a clever argument to show that the graded dimension of Ker A C C[a;, /_2, . • •] is 
precisely that of a generic irreducible highest weight module degenerate at level 
two. Consequently for generiqfl k, the space of polynomial local martingales 
forms the irreducible highest weight module of highest weight /ii,2- 

Another viewpoint to the chordal SLE case is the verification in [2111] that the 
SLE state Ght^i,2 is a local martingale, where ht{z) — gt{z) — Xt and a;i_2 is a 



^The word generic here refers to Feigin-Fuchs Theorem about the submodule structure of 
Verma modules for the Virasoro algebra |17U15iri6| . Thus generic k means simply k ^ Q: any 
highest weight module of central charge c(re) is then either irreducible or contains exactly one 
nontrivial submodule, which in turn is an irreducible Verma module. For k g Q the situation 
may well be more complicated. 
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highest weight vector in the quotient of Verma module Vc{K),hi 2(k) by submodule 
generated by the singular vector at level two. Actually, this completely solves the 
question of the structure of Al — the contravariant module of any highest weight 
representation is a direct sum of irreducible highest weight representations, so 
M is the irreducible highest weight representation with highest weight hi ^2- As 
a consequence for certain values of k, the module ^A generated by action of 
Virasoro generators on constant functions is not the whole kernel, A4 C Ker A. 
Easiest such degeneracies are k = 6, in which case in fact ^A consists solely of 
constant functions (the irreducible highest weight module with c = 0, ft. = is 
one dimensional), and k g {3, 10} in which cases there are local martingales of 
homogeneity degree 3 that can not be obtained by the action of Virasoro algebra 
on constants functions. 

4.6.2 A coordinate change of chordal SLE 

By a Mobius coordinate change of the ordinary chordal SLE one defines the 
chordal SLE in H from Xq to Fq, see e.g. [38]. The resulting process is an 
SLEk(/3) with p = K — 6, which is the SLE variant with one curve N — I, one 
passive point M — 1 (the marked point is Iq) and partition function Z{x,y) — 
{x — y)(''~6)/K_ r^Yie conformal weights are equal, h^ = hy — /ii,2(k) = ^^. We 
remark that this variant can also be seen as a special case of the a particular 
double SLE "pure geometry", see Section lOJ and [6]. 

The structure of the Virasoro module M. as well as other properties of this 
case are studied in more detail in the articles |29[ [26] about chordal SLE re- 
versibility. Here we make some remarks that clarify the differences to the case 
chordal SLE towards oo and in particular give some justification to the choice 
of the straightforward approach taken. 

The module tU is a highest weight module of highest weight A + hx + hy = 
= fti,i(K) and a direct computation gives L-\Z = 0. This is a manifes- 
tation of the Mobius invariance of the process, see Section 16.21 For k ^ Q 
the Verma module Vc(k),/ii i(k) contains a single nontrivial submodule gener- 
ated by L-ir]c{K),hi i(k) and consequently M. must be the irreducible highest 
weight module. For the sake of illustration, below are the nonvanishing local 
martingales up to level 4: 

"--'^ =Ky^xf-lf^2 

= 2h{y-xf{x + y)-2cf^3 

= hiy - xf{3x^ + Axy + 3y^ - 6/_2) - cifl^ + ^f-i) 

+ 2h{y -xf{- 4/_2 + a;2 + xy + y") , 





z 

C-^Z 




z 

C-iZ 


c. 


z 

-iC-iZ 



where h = hi_2{n) = ^^^ ^"^^ ^ ~ '^('*) ^ 

Remark 4.5. A simple application of the listed local martingales would he the 
determination of expected value of final half plane capacity of the hull. Let t 
denote the stopping time mi{t > : Xt — Yt}. Then if the capacity g_2 of Kj- 
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is integrable, i.e. g_l G L^{P), the local martingale at level 2 

iY.~X,r-'-^g^l 
is a closable martingale up to the stopping time t and 

The capacity g_2 is an almost surely positive finite quantity so for k > 8/3 it is 
certainly not in L^{P)! 

Let us take a closer look at some of the most degenerate cases to illustrate 
what may happen for rational values of k. For k = 6 we have c(k) = 0, /i(k) = 
and we have a null vector C-2Z = at level two: the representation M is then 
indeed the irreducible (one dimensional!) highest weight representation. The 
same central charge c(k) = is obtained also with k = 8/3. For k = 8/3 the 
vector L-^iZ = | (y — x)^ Z is directly checked to be a nonzero singular vector 
in view of explicit expressions in Appendix[Bl so M. is reducible. It takes a little 
bit more of work to check that C-2C-2Z and C-^Z become Hnearly dependent 
at K = 10 and thus there is a null vector at level four, whereas at k = 8/5 at 
level four there exists a singular vector {y — xY Z. 

The observation that M. can be reducible shows in particular that one can't 
always construct the SLEk^p) state in the form Mt = Gg^'^{Xt,Yt)ujQ taking 
values in a Virasoro highest weight module — recall that the contravariant 
module of a highest weight module is a direct sum of irreducible representations 
so M. couldn't be a submodule of the contravariant module. This shows an 
advantage of proceeding directly in the manner of the whole Section |4| we 
found the representation Ai without addressing the question of the space in 
which to construct Mt\ 

Yet another thing that is well illustrated by this variant is the fact that M 
doesn't contain all local martingales even for k generic. The function (^(x, y) = 
(y — x)^''^ is also annihilated by A. Actually, ^ arises as another "pure geometry" 
of double SLE, see Section lOl So for example the following are local martingales 
for the SLE^(k-6) 

- = iy-x) " 
{y + x) {y-x)~^ 



Z K 

>C-2C _ / (3k^ - 10k - 80)/_2 + (44 - 6k){x^ + y^) + 8xy 



Z \ 4k 



) (2/-a;)'»" 



These local martingales are not polynomial in xi and yK- Also, we know that 
ZY(oir)C is a highest weight module of highest weight ft-i^a, so we get a lot of local 
martingales not contained in M. This shows another difference to the case of 
ordinary chordal SLE towards infinity. 
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4.6.3 SLE^ip) 

The SLE variant SLE^ipi, P2, ■ ■ ■ , Pm) has one curve A^ = 1 and several marked 
points M > 1. Its partition function is 

M 
K=l 1<J<K<M 

as discussed in [28]. The conformal weights are Sy,^ = j^Pk{pk + 4 — k). The 
driving process satisfies dXt = ^/k. dAt + ^x x ^-y^ '^(^)t) which was taken 
as the definition when the variant was introduced [301 I13j . It would also be 
natural to generalize the definition to include possibility of bulk marked points, 
see [aH]. 

Just Hke for SLEk(k — 6) or double SLE, the module M consists of elements 
that are polynomial times Z. Thus the local martingales obtained this way are 
polynomial. This becomes obvious in the light of Remark 14.41 and the partition 
function ifTTj) since 



\ Z f(u] — X ^-^ 



f{u) -X ^ ^ ./(") - VK 
nes„ I 2^ _ ,, , . _ . + 2^ 



^ ifiu) - x){f{u) - vk) ^^, ifiu) - VKKfiu) - VK') 

so the additional multiplication operator in £„ is polynomial. Of course Ai may 
not be the whole of Ker A and there may be other local martingales that are 
non-polynomial. 

As has been remarked by several authors [HI [281 ESIj SLE„(pi, p2, ■ • • , Pm) 
seems to be best studied using the Coulomb gas formalism. Indeed, after having 
discussed the Coulomb gas briefiy, we will show how to construct the SLE state 
Mt conveniently in charged Fock spaces. 



Remark 4.6. Articles J 131 \Wj suggest that a famous conjecture of SLE duality 
be formulated in a global fashion using the SLEi^{p) processes. The structure of 
A4 in these cases gives strong support for the proposed approach, see [29]. 

4.6.4 Multiple SLEs 

The multiple SLEs in the sense of [6] correspond to boundary conditions where 
there are several interfaces starting from the boundary of the domain, but no 
other marked points. Thus the parameters are TV > 2, M = and k/ takes the 
same value < k < 8 for all / = 1, . . . , A^. 

The multiple SLEs in this sense were also studied in [l^ and can be seen as 
a special case of the general definition of multiple SLEs through commutation 
requirement of [12]. A very instructive study of multiple SLEs with emphasis 
on absolute continuity of probability measures can be found in [2^. There, 
different curves are allowed to have different k/ G {k, 16/k}. 

In Section [5] we construct the state Mt of multiple SLEs in a charged Fock 
space using the Coulomb gas formalism. It has been conjectured in [6] that 
the asymptotics of Z as certain points come close to each other are related to 
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topological configuration of the multiple SLE curves. Coulomb gas or Feigin- 
Fuchs integrals appear to make the choice of conformal blocks transparent for 
the "pure geometries". 

5 Coulomb gas constructions of SLE states 

5.1 Preliminaries: charged Fock spaces as Virasoro mod- 
ules 

The following method, known as Coulomb gas, has been described for example 
in (HnHHIIH] and Chapter 9 of [U]. 

The method is to study certain modules for the Heisenberg algebra generated 
by a„, n e Z, with commutation relations [an, am] = '^Sn+m.o- The "charged 
Fock space" Fa is 

" ^ vl/ vl/ ^fl— rii ' ' ' a—rik'^a 

k=0 l<Tii<---<rifc 

where Va is a vacuum: ooWq = 2aVa and a„WQ — for n > 0. One defines a 
representation of Virasoro algebra on Fa by 

L„ = - ^ -.an-jaj-. - ao{n + l)o„ 
j 

where :anam'- is anam ii n < m and aman otherwise. Note that acting on basis 
vectors a_„^ • • -a-n^Va the sum over j has only finitely many non-zero terms 
because aja-m ■ ■ ■ a^n^Va = for j > J2i "^i- The parameter uq determines the 
central charge, c = 1 — 24a§. 

The Lq eigenvalue of Va is h{a) = o? — 2aoa and the charged Fock space 
is a direct sum of finite dimensional Lq eigenspaces, Fa = (Bm=o{Pa)m, where 
{Fa)m corresponds to eigenvalue h{a) + m. The eigenspace {Fa)m has a basis 
consisting of a_„j • • • a-n^Va, with 1 < ni < ■ ■ ■ < Uk and rii + ■ ■ ■ + Uk = rn. 

The contravariant module is defined as a direct sum of duals of the finite 
dimensional eigenspaces 



m=Q fc— l<n\<---<nk 



V 
Uk a 1 



where f* G (^q)o is such that («„, Wq) — 1- It becomes a Virasoro module in the 
usual way: Ll„ have the same commutation relations as the generators of Oir. 
We have a bilinear pairing (•,•): F^ x Fq, ^ C. It is often necessary to allow 
infinite linear combinations of the basis vectors, so denote Fa — nm=o(^")"« 
and Fa = nm=o(^")m- The bilinear pairing extends naturally to Fa x Fa and 

F*a X Fa. 

Let us still introduce a convenient notation for the charges a. First of all 
a± — ±{^/k/2)'^^ and ao — \{a+ + ct-) relate the SLE parameter n to the 
Coulomb gas formalism. Then let an,m — ^^-^ct+ + ^~^^-- Finally, we use the 
shorthand notation F„^m = Fa,^ „, hn,m — h{an^m) etc. 



22 



5.2 Preliminaries: vertex operators and screening charges 

The Coulomb gas formalism constructs intertwining operators between the charged 
Fock spaces morally as the normal ordered exponentials :e"'^^^^: of the free mass- 
less boson field Lp. More precisely, Va{z) : Fj3 -^ Fj3+a is defined by 

Vc^iz) =z2"/5(7~(z)C/+(z)r„ , where 

[an:Ta] =2aSn,o , TaV/s = Va+13 and 



OQ _. 

U^{z) = exp(=Fy^ -az'F^ai 

^ z — / ri. 



n 

n=l 



for z in the universal covering manifold of C \ {0}. Again the definition makes 
sense because only finitely many nonzero terms are created by U^(z) acting on 
any u e -F/j+a- The vertex operators are intertwining operators of conformal 
weight ^.(q;) 

[L„, V^(z)] = (^'+"^ + (1 + n)h{a)z^) y„(z) . 

There is a way to make sense of compositions of vertex operators Va^ (zi) • • • Vq„ (z„) 
in the region |zi| > • • • > \zn\, see e.g. |39]. The formula thus obtained can be 
analytically continued to the universal covering manifold of {(zi, . . . , z„) G C" : 

Zi 7^ Zj \fi,j and Zi ^ \fi}, 

V'Qi,...,a„(^l,-- -^Zn) = hp.JyZl,-- . , Zn)U^{zi, . . . , Z„) U^{zi, . . . , Z„) T^ . q, 
n 
/l/3;ai,...,a„(2l,.. .,Z„) = JJ Z,^"''^ J]^ (z^ - Z^)^"'"^' 

2—1 l^'i<J^'"' 



t^ai,...,a„(2l:--->^n) = CXp ( =F ^1 ~ E "*^«^")"±" 



n 

n— 1 



and we take this V^(zi, . . . , z„) : Fp -^ Fp^a-^^ i^a„ as the definition of com- 
position of vertex operators. We have the intertwining relation 

d 

[L„, y„(zi, . . . , Z„)] = Y, (■^»^^"7r + (1 + ")/^(«»)-Z»") ^a(2:i, . . . , 2n) . 
z 

To construct further intertwining operators, one makes the following obser- 
vation. There are two values of a for which h{a) — 1, namely a — a±. For 
these values the commutators [L„, Va^ (z)] are total derivatives ^^(^^^"Kii (z)). 
Integrating the composition of vertex operators 

*ai .... ^aji-.a - .. . . .a - -.a^ ^ . . . ,a^ \Zi ^ . . . , Zn ^W-^ , . . . , ^ g- i ^1 i ■ ■ • i ^g+ / 

in variables w^ , ■ ■ ■ , w~_ ; w^ , . . . , w"*^ over contours T such that 
takes the same value at the endpoints, one defines 

= / Vai^...,a„;a.,...,a+{zi,-..,Zn;W^,...,W^+) dw^ ■ ■■dw^+ . 
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rr-.s- .s+ 1 



Now V'j;* ;^^(zi,...,0„) : Fp -> Fi3+^^a,+s-a.+s+a+ is again an intertwining 
operator 



»+ , 



'A 

dzi 



= E(^^"7r- + (i + ")'^("^)<')^^^'"''^(^i'---'^") 



because the total derivatives vanish after integration. The contours F should 
of course be chosen in such a way that V^'* ''^ is not zero. The additional 
charges a± whose position was integrated over are called screening charges and 
the resulting operator V^'" '" is called a screened vertex operator. 

5.3 Application to SLEft(p) 

The Coulomb gas method allows to build the state of SLFi^ip) explicitly. An 
easy choice of the values of a was suggested in [28], namely at x one uses 
a — cti,2 — -7^ and at i/k the choice is ax — ^^- Then we have for aoo = 

= ho.a,ai,...,aMi^iyii ■ ■ ■ tVm) 
M 

= ( n (^ - VKy'^) ( n ^yK - y-^Y""'^^) 

K=l 1<J<K<M 

= const. X Z{x;yi,. .. ^i/k) ■ 

It is well known that ha-ai,...,aM satisfies the following null field equation, 
but we give the proof here as this is the key property for application to SLE 
and is a natural step towards Lemma [ 



Lemma 5.1. For a — ai_2 — 1/\/k we have the null field equation 

fnd"^ v-^ . 2 d 25k n \ , , \ „ 

V2 dx^ tr^, VK-xdyK [VK-xiyJ 



'K &' ^ , 2 d 25f 

^^ VK-x dyx ivK - xi) 

where 5k = h{aK) = a\c ^ (2 7k)^i^- 

Proof. We need to compute the following terms 

— h = —(hx fV "^^k/^ )) 
dx^ dx ^ ^ X — yK 

= ft. X f ( V ^"^/V^ )2 _ y^ 2aKl^ \ 



h X 



^ x-yK "^{x-Vk)^^ 

AaKCtK' /k sr-^ iaj^/n — 2aK/\/K 



V ^. (x-yK)(x-yK') ^ 



^^, {x-yK){x-yK') ^ {x-yK? 
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and 



^^ VK-x^ VK -X J^^ VK - VK' 






= h X 



^ {x-yxY ^, iVK-VK') VK-X VK'-X' 

K<K' 



(EF^+ E 



^ (a;-yj<-)^ ^, (a;-yif)(a;-?;K')^ ' 



Now it's easy to see that all 'YliK^tK' terms cancel in the following 

{1 _^ + \^ -J^^—^-.\ h - h (\^ 2a|- - y/KaK + ^aKJ^ 
^2 dx^^ ^^Vk-xOvk' ~ ""^V {^-VkY 

and one only needs to observe that a\ — ^an + ~7^oiK = ctKic^K — 2ao) = 
h{aK) to reach the conclusion. D 

We're in fact ready to give a straightforward computation that the SLEk(p) 
state 

^'^t ■= , 1 ■7TJJzGg^Va;ax,...,aM{^Uyt , ■ ■ ■ ,Yt )^0 

Z(At; Yf. ,. . . ,Y^ ) 

is a Fp valued local martingale, where /S — a + J2k '^k- This means that as we 
express it in the basis a_„j • • -a-n^vp, the coefHcients of the basis vectors are 
local martingales. 

We should check that A annihilates Z x Mj. Recalling that Z — const, x 
ho;a,ai,...,aM ^"d [/^(■••)w/3 = V0 the local martingale property of Mt is the 
vanishing of 



A i^hx GfU^.^^^_^^^^^{x;yi, . . . ,yM)v0J 



But A = V + 2J2i<-2Pii~^i /-2, /-3, ■ ■ ■ )^ ^nd V annihilates h by Lemma 
15.11 Thus we are left to check that 

K d^ , d ,, d . x-^ 2 d 






yii - a; dy_ 



K 



d 



+ hx2^ pi{-x;f^2,---)-QT] Gf U (x; j/i, . . . , j/a/) vp 
i<-2 ■'' 

■K 52 ,^ 2aaK a V- 2 9 



I 2 dx"^ ^-^ X — yx dx ^-^ 



j^ x-yxdx ^ yK-x dyx 
d 



2 E P'(-a;;/-2,---)^| Gf U^{x;yi, . . . ,yM) vp (12) 



dfi 

l<-2 ■' 
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vanishes. We will split the verification of this to pieces. 

Let us start with the computation of 2^;p;^G/C/~f/3. First step is to use 
definition of pi and defining property ^ of G/ to rewrite 



^p,(-a;,/_2,...)^G 



l<-2 



-2-1 



2^ Res„ Res^ ( _ ^)|,(„)|>u| ./ ,N2+fe ^f^ 



w^+^f{w) 



k<l 



2^ Res.„Res„ (^^^^_^)l^(^)l^l^l(^^^)l^l^l^l^^^^2+^^G/Lfc. 

Then we can change the expansion using (i;j3^)|^|>|„| = {lF=^)\.^\>\^\+^iw-'") 
and observe that expanded in \v\ > \w\ the v residue vanishes so the above is 
equal to 

The change of variables formula ^ yields 



_-2-fe 



K-2 ■' k<-2 



= -GfY: ^-'-'Lu 



fe<-2 

Having simplified a little we will commute the L^ to the right of U~ . For /c < 
and n > we have [Lfc,a_„] = nak-n and since afe_„ commutes with a_„', 
n' > this leads to 

CSO 

[Lk,U~{x;yi,...,yM)] = ^(aa^" +^aKyK)«fc-n U~{x;yi, . . . ,yM) ■ 

n=l K 

Consequently, to commute Lk to right we generate in (fT2l) the terms 
-2hxGf J2 x-''-^[Lk,U-{x]yu . . . ,yM)]v0 

k<-2 

oo 

= -2hxGf ^ ^a;"''"^(aa;" +^Qi^y^) afc_„ f/"(a;;yi,...,yM)w/3 

k<-2n=l K 

oo m— 3 

m=3 if i=0 

(13) 
After commutation the L^ act on i?/3, 

oo 

- 2 ^ x-'^-^LkVfi = -2j2 a;""'i-m^/3 

fe<-2 m=2 

m=2 ieZ 
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which gives the contribution 

m— 2 ?— — 771+1 

+ (-2/3-(m-l)(^-^))a_„) C/-(a;; yi, . . . , yw) ^^/3 . (14) 



-1 



So far we've computed only the /; derivatives in lfT2|) but the rest will be 
simpler, because the operators involved commute with each other. Apart from 
the last term that was already treated, (fT2|) is 



fK 9^ v-^ 2aaK 9 v^ 2 d \ ^ ^^_, , 



K ^'' K 



OO OO 



n=l 

OO 



^ X — vk "^^ ^ vk — X ^—'_ J 



X — Vk — — Vk — X 

K ''"■ n=l K ^'^ n=l 



The last two terms can be combined nicely if we note that a = ^/^/k and write 



X 



y" ^ = {x — y) {x" ^+x" ^y + ---+xy" ^ + y" ^). The contribution 



is then 



OO OO 

n,n' — l n—1 

OO n—2 



^2aK{a-2 + ^^x^yK ^ ^<^-n)j U {x]yi, . . .yu) vp . (15) 



K n=3 j=0 



The cancellation of terms (fT3| , lfT4| and lfT5|) is now a matter of direct check 
using a = 1/\/k and (3 — a + '^^k '^k- ■'■^ conclusion we indeed have 

A{hxGfU~{x\yi,...,yM)vp) = 

and therefore we have proven the following. 

Theorem 5.2. For SLE^{pi, . . . ,pm) the "SLE state" 

Z(,At; Yf. ,. . . ,Y^ ) 

= const. X Gt U-^^^_^jXfX, ..., y/0 V0 , 
where a = -j^, uk — y?^ and (3 = ct + J^K ^k, is a Fp valued local martingale. 

5.4 Application to multiple SLEs 

The Coulomb gas formalism provided a convenient construction of SLEk(p) 
state. We will see that with screening charges it can be used to multiple SLEs 
as well. 
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The case we are interested in is that of [6], which in terms of the SLE 
definition given in Section [221 means N >2 and M — and kj ^ k ^ (0,8) for 
all/= l,...,iV. 

Let < L < N/2 be an integer. The screened vertex operator 

vI:^.ii^i,---,^N) (16) 

Va,...,a;a^....,a-{Z1,. . . , Zpf] Wi, . . . ,Wl) dwi • • -Awl , 



with a = -y= and a_ = —^, will be shown to be appropriate for multiple SLEs. 
However, we postpone the discussion about the choices of contours F to Section 
[Ql 

Denote 

h{zi, ...,zn;wi,..., wl) = ft-a,...,Q;Q_,...,Q_ (zi, • • ■ , wl) 

1<I<J<N 1<R<S<L I=1....,N 

R=1,...,L 

f3^ Na + La^ = ^^ and 

Z{xi,...,xn) = {v*[j,vI':^;'°^{xi,...,xn) vq) 

h{xi, . .. ,xn;wi, . .. ,wl) dwi ■ ■ -dwL ■ 
T 

Then Z satisfies the null field equations as we will prove in the next lemma. 

Lemma 5.3. The function Z defined above is annihilated by the differential op- 
erators Vj, I = 1, . . . ,N. 

Proof. By Lemma \5A\ we have 

Vihixi,. ..,xn;wi,. .. ,wn) 

/K 9^ v^ . 2 d (k- 6)/k. \ , , , 



> ( ^ \ j h{xi,...,WL) 



K 



] 
wk — Xi dwK Wk — Xi 
Y^ d fh{xi, . . . ,u 

^ dwK V WK - XI 



because h{a.) — %^ and /i(a_) ~ 1. Since F are contours such that h takes the 
same value in the endpoints, this implies P/Z = 0. D 

We are ready to check right away that the multiple SLE state 
^ G,,Vl:^,i{Xl...^xf)v, 



N\ 



Z{Xl...,xi 

is a local martingale if the multiple SLE is defined by auxiliary function (parti- 
tion function) Z . 
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Wi W2 Wl 

* o o o o ••• o o o ••• o o 

Zi 22 Z3 Z4 Z2L-1 Z2L Z2L+I Z^-l Zn 

Figure 1: Possible integration contours in (flBl) . 
Theorem 5.4. We have 



A(Gf / dwi- ■ -dwLHxi,. ..,wl)U {xi,...,wl 



= . 



Proof. Again the real work was done in computations of Theorem 15.21 and 
we're now just picking the ripe fruits. The operator Ai commutes with the 
integration over wi , . . . , wl so we need to compute 



Ai(h{xi,.. .,wl) X GfU (xi,.. .,wl)vi3] 

/ + 2 ^ pi{-xi;f-2, ■ ■ ■)-QY){h{xi, . . . ,wl) X GfU~{xi, . . . ,wl)v/3J 



l<~2 



We first write Vih = —2^^ -g^{h/{wK — ^i)), as in Lemma F5.3[ and then 



use Theorem [521 to the rest. The result is 



-2> ( )]xGfU {xi,...,WL)vp 

^-^ OWk Wk — Xj '/ 



2 d 



h{xi,...,WL) X ( V jGfU {xi,...,wl) 

V"^ Wk — XT OWk^ 



Vf3 



v-^ d fh{xi,...,WL) „ ^,_. ^ \ 

= -2> i^ '- X GfU {xi,...,WL)Vf3\ , 

^—' owk ^ Wk — xi J 

which as a total derivative vanishes after integration. D 

Remark 5.1. Even though by Lemma \5.3[ Z satisfies the null field equations 
(h), it is not immediately obvious that the positivity property (a) is satisfied by 
Z (or that Z has a constant phase so that a constant multiple of it is positive). 
Unless we check this property explicitly for our choice of contours T, we have 
no guarantee that the driving processes (Qp take real values and thus that the 
Loewner equation describes a growth process. But the computations don't depend 
on property (a), so in this paper we omit the question of positivity of Z for 
multiple SLEs and focus on the algebraic side. 

6 Discussion and examples 

6.1 "Pure geometries" and the choice of integration con- 
tours 

Figure [T] shows a possible integration contour for the vertex operator (fT6)) of a 
multiple SLE. This makes sense for k > 4, since the integrals are convergent. 
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Figure 2: A topological configuration of the SLE traces is conjecturally related 
to the choice of integration contour for screening charges. 

But we can use the fact that 



o 



O = (1 



„27r^(-4/K)^ 




o 



o 



to continue analytically in k and we immediately notice that monodromies cancel 
and h takes the same value at the endpoints. 

The term pure geometry was introduced in [6]. It was argued that to con- 
struct a multiple SLE with certain final topological configuration of curves one 
needs to require certain asymptotics of the partition function Z as some of its 
arguments come close to each other. The topological configuration is the in- 
formation about how the curves are nested, which amounts to knowing which 
pairs of curves will be joined. An example configuration is illustrated in Figure 
[2l The choice of contours of integration of screening charges is obviously a way 
of changing the asymptotics of Z and below we propose a way of getting the 
desired asymptotics. Not all is proved, however. Most importantly, the positiv- 
ity of Z, property (a), is not obvious when there are nested curves, see Remark 
[511 _ 

Consider N simple curves in EI starting from zi < ■ ■ ■ < zn such that 
each curve either goes to infinity without intersecting any other, or is paired 
with another curve and doesn't intersect any other curve exept at the common 
endpoint of its pair in H (and this endpoint is not on any other curve!). Let 
us denote the number of pairs by L. Observe that the configuration is fully 
determined if one knows which zj are left endpoints, meaning that the curve 
starting from zj is paired with zj > zi. Namely, to reconstruct the configuration 
proceed from the left. If zi is not a left endpoint the corresponding curve 
goes to oo. If z/, / > 1 is not a left endpoint, there are two options. Either 
among zi, . . . , zj-i there are left endpoints that don't have a corresponding right 
endpoint among them. In this case zj must be the right endpoint of the righmost 
such left endpoint. If there are no such left endpoints, the curve at zj must go 
to infinity. This way of thinking leads to a bijection between configurations and 
walks w : {0, 1, . . . , iV} -> N such that uj{0) = 0, u){I) - u){I - 1) = 1 if z/ is not 
a right endpoint and uj{I) ~ uj{I ~ 1) — —1 if z/ is a right endpoint. The walks 
that end at uj{N) — N ~ 2L correspond to L pairs. The number of such walks 
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is {N + 1 — '^L)jjjj^^^j—jy. Let us denote the whole configuration by p. 

Observe that we could have taken the integration contour in lfT6|) to be 
such that integration contour of wr starts at the R^^ left endpoint and ends 
at the corresponding right endpoint (and the contours don't intersect). Denote 
the corresponding screened vertex operator by V'^p^ and partition function by 
^(p) = ^v* ■^^j^_2]^,V'^P^vi,i). By Lemma [531 and obvious changes of variables 
we notice that Z^p^ satisfies (b), (c) and (d) with homogeneity degree 

A = L+ {-N{N -1)-NL + L{L - l))al . 

Since hi^r = h{^-^a-.) — ^^ + '' ^^ a'^ we see that A = ft.i,i+Ar_2L — -^^1,2 
in accordance with the homogeneity degree expected of "pure geometry" with 
N — 2L curves going towards infinity. 

If configuration p is such that zj and zj are paired, then it is easy to see 
that as \zi — zj\ -^ 

Z(^)(zi, ...,zn)-^{zi~ zj)^Z^P'\zi, ...,zn) , 

where p' is the configuration of iV — 2 curves and L— \ pairs which is obtained 
from p by erasing the curve of zj and zj. Furthermore, considering the behavior 
of the integrand we expect the asymptotic 

as \zi — zj\ -^ for any two points z/ and zj that are not paired. These 
asymptotics are what was in [6] argued for the "pure geometry" p, that is an 
SLE whose curves form the configuration p almost surely. 

We still remark that the vertex operator V'^^^ with integration contour p is 
obtained from that of integration contour as in Figure [H by braid group action 
on the screened vertex operators which has been studied in [18] . 

6.2 On Mobius invariance 

Consider an SLE whose state Mt can be expressed as G g^'^ {X} , . . . ,Y^'^ )loq 
and Lquj*^ = and (L-iw^, *(a;i, . . . , yM)wo) = for all xi,---,yM- We 
then compute using the intertwining relation for n = —1,0,1 that Z{---) = 
(w^, ^(- • • )wo) satisfies the following 



K 



dyx 



+ T.^Vk''^ + (1 + n)6y,yl)) Z(xi, . . . , y^) 
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The equations for n = —1,0,1 can be integrated to give the transformation 
properties of Z under translations, dilatations and special conformal transfor- 
mations 

Z{xi - a,...,yM - <y) = Z{xi, ..., yM) 
Z(e-V,...,e-Vf) = e^*==i •••e^Vf Z(xi,...,yA/) 

^(t^^, . . . , T^T^) - (1 + P2:i)2^- • • • (1 + pyM?'^^' ^(xi, . . . , yM) 
1 + pxi 1 + pyM 

as long as p is small enough so that z i-^ z/(l + pz) has not mapped any of the 
points to oo. A general Mobius transformation p, : M ^ M that preserves the 
order of real points xi, . . . , xn, yi, ■ ■ ■ , yM can be written as a composition of 
special conformal transformation, dilatation and translation and the transfor- 
mation properties are compactly 

Z{pixi),...,piyM))^p'ixi)-^''^---p'{yM)-^-^' Z{xu...,xn) . (17) 



The following Proposition says that if Z is Mobius covariant in the sense of ifTTj) 
then the SLE variant is Mobius invariant up to a change in growth speeds. The 
assertion follows from a typical SLE computation and it can be found in [22] in 
a slightly different form. 

Proposition 6.1. Suppose the auxiliary function Z of the SLE variant satisfies 
fl7]} for Mobius transforms p that preserve the order of xi, . . . , xn, yi, . . . , yM- 
Choose pt '.W^M. Mobius such that 

gt^Ptogto p-^ : H \ p{Kt) -^ H 

is hydrodynamically normalized. Then gt describes an SLE variant with the 
same auxiliary function but different growth speeds, i.e. 

/ gt(z) - ^-t I n-^t 

dl/ =V^dAi + J2 ^j%j d(i^)t 

+ K{d,,\ogZ){Xl...,X,^))d{A')t , 
where dA' ^ p't{Xl)dAi. 

Remark 6.1. Examples of Mobius invariant SLEs are e.g. SLE^{pi, . . . , pm) 
such that ^jj- pk = k — 6 as in [38] and certain pure geometries of multiple 
SLEs as we'll soon see. 

6.3 BRST cohomology and the structure of M 

Section [5] suggests that SLE state can often be constructed in charged Fock 
spaces. To study the Fock spaces and vertex operators Felder has introduced 
a method based on cohomology of BRST operators [T^, see also |18[ f8j. The 
"BRST charge'O Qm is a Oir-module homomorphism Fn^m 



^In the case of minimal models, k G Q, the operators Q satisfy a so called BRST property. 
For K ^ Q the operators can still be defined and we stick to the same name although it is not 
very meaningful. 
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the reader to [19] or [TT] for the definition of it. Below we show how it can be 
apphed to questions of SLE local martingales. 

We will recall the Virasoro structure of Fn^m in the generic case k ^ Q 
and make remarks about the more complicated structure for k e Q. Since 
the SLE states can in some cases be constructed in Fock spaces, this is a step 
towards resolving the structure of ^A because it must be a submodule of the 
contravariant module. 

In the generic case k ^ Q the Verma module Vc,h„^, n,ra > 1, contains 
one singular vector Xn,m that generates a submodule isomorphic to Vc,/i„ ^+nm 
which is irreducible (in the classification by Feigin and Fuchs this corresponds to 
case 11+ ). The kernel Ker Q,n C Fn^m is a submodule and a closer study reveals 
that it is isomorphic to the irreducible highest weight Oir-module Ker Qm — 
T-Cn.rn = Vc,/i„ „. /Z^(oir)xn,m of highest weight /i„,,„. 

A fact of great importance is that the BRST charge Q commutes with 
vertex operators up to a factor. More precisely, if V^''^-° is a composition 
of vertex operators screened with L charges a_ such that all a^-'s are of the 
form ar^.s^, rj,Sj > and J^j'^j = ^r,s, then Qm+s-i-2L V^'^'°|f„.,„ = 
const. X V^ '''~^~^'°|_F„__,„ Qm, where T' is another contour of screening with 
s — L — 1 charges a_. In particular, screened vertex operators map the kernel 
of Q to the kernel of Q. Since it can be checked that vq — wi_i € Ker Qi, the 
states of multiple SLEs constructed in Section [5] by Coulomb gas method take 
values in the submodule Ker (5i+jv_2l C i^i^i+Ar_2L- And since Ker Qi-\-n-2L 
doesn't contain the singular vector of Fi_i+n-2L at level 1 + N—2L we conclude 
that there is a nonzero vector at level 1 + A^ — 2L in F^ i_|_^_2l that annihilates 
Ker Qi+Ar_2L. But the SLE state takes values in the annihilated subspace so 
A4 has a null vector at level 1 + N — 2L (for generic k we readily conclude 
that the module Ai is irreducible). For example the null vector at level 2 for 
ordinary chordal SLE (with N = 1, L — 0) can be understood in this way. A 
less well known case is multiple SLE with no curves to infinity i.e. N = 2L. 
There is a vector at level 1 in contravariant module that annihilates Ker Qi 
so the considerations of Section 16.21 imply that such a multiple SLE is Mobius 
invariant. 

In order not to give an overly simplified picture, let us point out that the 
non-generic case k G Q is quite involved. Write k/4 — q/q' such that q,q' gN 
have no common factors. Then we have an,m = ctn-q^m-q and we can view 

^q—m • ^n—q'^q—m ^ ^n—q'^m—q — ^n,m' me Jjxlo i property IS ^ni^q—ni — U. 

The whole structure of Fock spaces as Virasoro modules (with all its exceptions) 
can be found in [TB t [19 } fS]. The charged Fock space i^i,m contains infinitely 
many singular vectors tti, i = 1, 2, . . . and to start with one would like to know 
whether they belong to the kernel of Qm or not. An SLE illustration of the 
complications is the example of SLE„(k — 6) in Section l46l This case can be 
viewed as a multiple SLE (with A^ = 2, L = 1) so that Ai must contain a null 
vector at level 1. But at level (q — l)(g' — 1) we can have either a null vector 
or a non-zero singular vector. It is worth noting that the latter has been so far 
unheard of in the SLE context and it immediately rules out the possibility of 
constructing the SLE state in a highest weight modulqj for Virasoro algebra! 



'^The Fock space is of course not a Dir highest weight module. 
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7 Conclusions 

We have shown that local martingales for general variants of SLEs carry a 
representation of the Virasoro algebra. There exists a natural subrepresentation 
M, whose interpretation was discussed. In the general case the structure of the 
module of local martingales has several properties that can not be seen in the 
simplest case of the chordal SLE towards infinity [3]. While some progress was 
made, the precise structure of Al remains not completely resolved even for some 
of the most natural SLE variants. 

Coulomb gas method of conformal field theory was used for constructing the 
SLE state expHcitly in some particularly interesting cases. From the Coulomb 
gas method one obtains some results about the structure of the module as well. 
In particular for multiple SLEs, through the identification oi M as a submodule 
in the contravariant module of Ker Q, one gets the irreducibility of A4 for k 
generic and Mobius invariance in certain cases. Further exploiting the BRST 
cohomology may be a promising approach to a better understanding of the 
Virasoro structure. 

The Feigin-Fuchs integrals of the Coulomb gas give solutions to the system of 
differential equations needed to define multiple SLEs and the choice of contours 
of screening charges was argued to be transparently related to the conjecture of 
pure geometries. 

The extensive discussion of interpretation should contribute to understand- 
ing more clearly the conformal field theoretic point of view to SLEs. Further- 
more, the sole mechanism of constructing local martingales can turn out very 
useful as is illustrated for example by a novel approach to questions of SLE 
duality and chordal SLE reversibility in |29j . 
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A Proof of Propositions 14.11 and 14.4 



This Appendix contains a sketch of the computations proving Propositions 14.11 
and l4.4l The computations are longish, but we will try to provide enough details 
for a dedicated reader to follow them without too much effort. 

A.l Lemmas for the computations 

Certain kinds of terms will occur frequently in the computations so we write 
down some lemmas for these. 
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Lemma A.l. For p e N one has the following 



P 



ifiw)-r){fiw)-s)P+K 

1 . d , !'{wf 



(18) 



= -^'^""^V (/(«;) - r){f{w) - s)v+^ + (/(«;) - r)2(/H - s)p) ^^^^ 
„<^, " ^/(.)-r^9/„^(/H-/(z))P^ 



/'W^(( 



1 N P 



(/H-r)(/(z)-r)^(/H-/(z))P 

^ if{z)-rnf{w)-f{z))p) ' ^^°^ 

where all the rational functions are expanded in \f{v)\ > \r\, |/(w)| > |s|, 
\f{w)\>\f{z)\and\f{z)\>\r\. 

Proof. These are direct computations. First observe that 
9 r '^ \ -P .„m+l 



TT7 — ^ ^ = / r, N TTTW 



dfmHfH-s)p' (/H-s)p+i 






,,m+l 



a/mH/H-s)^' (/H-s)p^ ^ (/H-s)p+i 

'-{^■{'^'l,,)-^'f^i,,il + m)z- 



df^\f{w)~f{z))p' {f{w)-f{z))P 

{f{n;)-fiz))P+^^ >■ 

The sums over m in each case then consist of expansions of rational functions, 
whose expansion we will change as follows 

y v-^-"^w^+^=(^—). , , =(^), , , .+Siw-v) 

m<-2 

A^ ^ I \ [yj _ ^Yl ) \w\>\v\ \ [yj _ y\2 ) \v\>\w\ " V I 

m<-2 ^ ' ^ ' 

Observe that after having changed the expansion the term involving rational 
functions contains no powers of v greater than —2 so the residue of this part 
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vanishes, e.g. in the case of ([19 



Y, Res, z; 2 '"(.. , ^)|/(„)|>|,|^. (/'H'(... , .p)|^(„)l>|,|j 



i<-2 






^^^-(7M37)i/Mi>M(-P (fM!'.)P+i (^irr^ + '^("-^)) 



I , ^, , ^(t r^ — dvS(w — v)) ] 

if{w)-s)P^W-v)^ ''J\fiw)\>\s\,\v\>\w\ 



\ ^{f{w)~r){f{w)~s)P+^ {f{w)-s)P '^^!{w)-r>)\jin,)\>\r\,\f{v.)\>\s\ 

and the delta functions were easy to handle with an integration by parts. Com- 
puting the remaining derivative yields the result for (fT9|) and this in fact contains 
also the computation needed for (fTSl) . For the last one, l(20|) we go ahead anal- 
ogously 



yj Res, 



V 



-2-ra, 1 ^ 5 , r[zf 



%<-2 



^f{v) ~ r^l/WI>l-l df„Mf{w) ~ /(z))P^I/(-)l>NI 



1 / 2f'(z) 



'(',^2 



p/'(^) 



— ((5(U' — w) — (5(z — Tj)) j 



(/H - /(z))p- 



where the expansions are in |/(w)| > |r|, [/(z)] > |r| and |/(w)| > \s\. Use 
(/(w)-r)-i-(/(z)-r)-i = (/(z)-/(w))((/(w)-r)(/(z)-r))" and compute 
the derivative a^(/(z)-r)-i = -/'(z) (./(■z)-?')"^ to obtain the result ^. U 



Lemma A. 2. One has 

-/(l,)_r^|/HI>|r|5J^ 



E i^es. .'-"(-!— ),.,,, ^,,-^(5/H) 



m<-2 

1 



I t„,.\'^l 



6f'{w) 



Proof. The proof is similar to that of Lemma [A. II We start by computing 



dfrn '' ' dfm' f'{w) 2/'H 

1 f"(v!] 

f'{w) J'[w) 



2 
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Then to change expansions we use 

-(U; _„)2/|«|>|tu| 
- ^ ) 

'{w — i;)3'^l^l>l"'l 
-{W ~v)'^n"\>\w\ 



m<-2 



m<-2 

It is already clear, just like in Lemma FA. H that only the delta function terms 
will contribute because the rest contains powers of v not greater than —2. Thus 

I d 
df„ 



X^mReSt, (/(w) — r) ^i; ^ "^gj—Sfiw) can be written as 



5ubsti 
dw{- 



Now we substitute 

1 N_ -/'H 



f{w)-r' {f{w)-r) 



Q2t 1 ^_ -/"H , V'{^? 



3 



"f{w)-r' {f(w)-rY {f{w)-r) 



'f{w)-r' ifH-rV {f{w)-rr (/H - 0* 
to obtain the asserted result. □ 



A. 2 Proof of Proposition 14.11 

We'll now get started with the computation of [£„,T(()]. The "driving pro- 
cesses" xj and "passive points" yK play the same role in T{() so we simplify the 
notation by relabeling the yx as xn+k- Furthermore we split T{C,) and £„ into 
parts as follows 

r (C) - T^f (C) + T^- (C) + T^ (C) + r'' (C) , where 

— 2 — 1 n 



i<-2 



a 



r^O = ^C'sf (i/c) 

N + M r. 

r\o = E rV'(i/c)^( 



K=l 



{j{i/c)~XKy'\fi^/o\>\^K\ 



and similarly £„ = Res„ u-3""r(u-i) = L^f + /ij??' + £f, + £,'j. 

We will do the computation in four steps, gradually working through spe- 
cial cases and finally achieving the full result. The intermediate results can 
sometimes be very useful, too. 
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step I: T^f 

Let us first compute the part of the commutator in the simplest case c — Q, 
A^ = i\f = 0, in which T contains only the T^^ term. We compute 

"^ /(«;) - /(1/c) ^|-2 a/fe ^ f{z) - f{u) >! djr 

where the expansions of rational functions are in |/(w)| > |/(1/C)I) l/l-^)! > 
|/(u)|. We now apply to both terms Lemma [A. II l|20p to write this as 



yj Resti I ReSm w ^ ' 



'«^-"/'H'rV'(i/C)'(/(i/C) + /(«) - 2/H) 



(/H - /(i/C))(/M - /W)(/(i/C) - /(«))^ ^i/(i/c)i>i/(«)i 

Res^ z 



i<-2 

-' - f jure-' f {I /cfif {I/O + /(^^) - 2/(z)) X ^^ 



(/W - /(1/C))(/W - /(«))(/(l/C) - /("))2 ^l/(n)l>l/(i/C)|J dfi 

We rename the dummy variable z as w and observe that the rational functions 
would cancel if they were expanded in the same region. So we will change the 
expansion of the former. To do this, we note that ([7]) can be used to show 

With a substitution p = 1/C, and a derivative w.r.t. u we obtain 

. /'N/'(P) N ^(. /'H/'(P) ^ 



= 9„J(u - i/C) . 

Taking the residue will therefore be easily treated as soon as we have computed 

. ( u^--nu){J{l/0 + f{u)-2f{w)) ^ 
H {f(w)-f{u)) J u=l/C 

= ( - 2((1 - n)C"/'(l/C) + C"-V"(l/C)) - ^"' \/(i)^_'^/(i/C)) ) 
which is needed when integrating by parts. The result for [Cf/ ,T^^ {()] is 
,.-2-„ <-*/'(!/<) >/ „.-i /'(I/O' 



. -i:_Re,. .„-'-( ,;. ^_'/^'j (-C- 



i<-2 



(/M-/(i/c))^V ^ (/(^)_/(i/c)) 



- 2((i - n)cni/c) + c-\ni/c))) ^^^ 
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;<-2 



(/H-/(i/C))^V ^ - (/H-/(i/C))= 



(/H-/(i/C))2 ^ ifH-f{i/or^ dfi 



38 



But when we compare this and 
^^ ^ f{w)~f{l/C)' 

'' f{w) -f {I/O ^ ^ /H-/(i/C)^^ (/H-/(i/C))2 

we get the desired result 

[£?,f,T^HO] = (i + n)c"(2T^^(C))+C'+"(acr^^(C)) , 

which also means that the operators C"^^ satisfy the Witt algebra 

Step II: r^f + r= 

Next consider terms involving the central charge c in the commutator [£„, T(^)]. 
These are 

CifT^iO - T^fCl 
= --^Res„Res. ^ (^^^^^^^^^ ^^/(VOC^ 

Hz) -f {I/O 9/,^^(")" 

We apply Lemma rA.2l to both terms and the above simplifies to 



; Res. „-/-M^<-V(l/0'(( ,,, ,,■/,,„. ), 



c 

-....„ ^ ,,.,>, , ,.;>,, VV(/(l/^)_/(y))4/|/(l/C)|>|/(n)| 



((/(l/^)_/(u))4)|/(l/C)l>l/(«)lj • 

Thus we only have the contribution from changing the expansions, the "residue 
at M = 1/C"- The straightforward evaluation of this gives 

^(C-'{n' -n)- 3C-'Q^ - 3(n - i)c"-4/"(l/C)^ 



12 V^ ^ ' ^ /'(1/C)3 ^ '^ /'(1/C)2 

, ,,n-, nyc)r'{i/o , .. ,.,n-, f"'a/c) ,n- j""iyc) \ 

+ 4C ^,(^/^)2 +4- IJC ^,(^/^) C ^,(^/^)J 

= ^(C"-'(ri^-") + (l + n)C" (2r^5/(l/C))+C'+"ac(r*5/(l/C))) , 
as it should. In other words, we have 

[£f/ + /:^,r^/(C)+r=(C)] 

= {^C-^i^' -n) + {l + n)C 2{T^f{0 + T%0) + C'+" d^{T^f{0 + T^(C)) 
and thus C^^ + C^ satisfy the Virasoro algebra 

[\^n '^ '-'nl^y^m ' '~'m>\ 

= (n - m){Ci{^ + /:^+„) + Y^("^ - n)6n+mfi ■ 
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step III: T^f +T'' + T^y 

The remaining task is to compute the terms involving the points hk and we will 
start with the special case of vanishing Sx^ ■ 

Let us first aim at finding out what is C'l^ + L^ acting on T^^. We use 
Lemma [All ifTO]) to get 

d 



Res. E """' ' ' ^"^'^'^^^' 



^ /(m) - XK dXK 



l<-2 

1 



f{z)-f{u)dfi) f{i/0-xj 

= Res„ui-"/'(«)'rV'(l/C)'( 

2 

+ 



(/(i/C)-/M)(/(i/C)-xj)2 
1 



{fii/c)-fiu)nf{i/c)-xj) {f{u)-xj){f{i/()-xjf 

f{u) + /(l/C) - 2xj 



Res„«i-'7'(")'rV'(l/C)'( 



(/(l/C) - f{uW{f{u) - xj){f {1/0 - Xj). 



expanded in |/(1/C)| > \f[u)\. One does a completely analogous computation 
for T^^ + T^^ acting on £^^ to yield a nice looking result 

(/:f + /:f/)r^^(C) - (r^"(C) + T^^(C))/:f 

^ V(/(M)-a;j)(/(l/C)-a;j)/ 

In , 1 . \ d 



(/(l/C) - /(W))2^I/(1/C)I>I/(«)I ^(/(1/C) - /(w))2^l/(")l>l/(l/C)i; 9a;j 

We're again in a position to change the expansions to get the "residue at u = 
l/C". The formula for change of expansion was given in Step L The integration 
by parts now essentially consists of computing 



"V {f{u)~xj) ) 

(2((i - n)c"/'(i/C) + C""V"(i/C)) - c 



l/C 

„-i /'(1/C)^ 



ifiyO-xj) 
Now we can write 

(/:f + /:^Or«-(C) - (r«-(c) +r«^(C))/:f 
= - E ( (T^T^y^) (2((i - -)C"/'(i/C) + c- V"(i/C)) 

^ if{i/0-xj)J dxj 

-4 /'(l/C)' o.n-5/"(l/C)/'(l/C) 



E(-2(i-)C"-7n7^-2C 



/(i/O-a^./ /(i/C)-a:j 

/'(l/C)' \ 5 



(/(l/C) - a;j)V dxj 
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and compare with 

''^^ m/o-J 



to notice that 

= (i + n)c"(2T^"(C)) +C'+"(<9cr^"(C)) ■ 

Combining with Step I and Step II we have shown that 

= ^C"-'(ri' - n) + (1 + n)c" 2(r^/(c) + r=(C) + r^^(C)) 
+ c'+" 9c(r^-^(c) + T"(C) + ^^"(0) 

and again L^ + £Jrj + L^ satisfy the Virasoro algebra 

= (n - m)(/:^^„ + C^+,„ + LlXJ + ^("' - ")'5«+r™.o • 

Step IV: T^i + T^ + T^?/ + T^ 

The last piece to take into account is T'*, that is to allow nonvanishing b^^^. Its 
treatment is very similar to Step III. We'd like to compute what is C^ + L^ 
acting on T'* so we begin by using Lemma lA.ll (fT9|) 

d 



Res„.i-"/'(u)^(X:^ 



^ /(m) - XK dXK 



Resz ^ 



^^_^/(z)~/(«)9/,y {f{i/c)-xjY 



Res, 



ui-"/'M'rV'(i/c)'( 



Si^xj 



(/(l/C)-/M)(/(l/C)-:^,/)3 



(/(l/C)-/H)2(/(l/C)-.x^)2 (/(u)-a;^)(/(l/C)-x,;)3 
Res„«i-"/'(")'C-V'(l/C)'( 



2(5j;j 



-(/(l/C)-/(^.))2(/(l/C)-x,)(/(«)-a;,,] 



expanded in |/(1/C)| > l/('w)|. Do the same for T^^ + T'^^ acting on £j' and 
obtain 

(/:f + /:f/)r^C) - (t^^(C) + r^^(C))/::? 
= 5]Res„^i-"/'N2rV'(i/C)^' ^'^^ 



^ {f{l/0-xj){f{u)-x.j) 

1 X , I 



(/(1/C) - /(m))2^I(/(i/C)I>I(/(«)I ^(/(l/O - /(u))2^l/(")l>l(/(i/C)l 
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After changing the expansion with the formula found in Step I we need the 
following 






u=l/C 



(^ ^^)^n r(i/c) , ^n-1 r(i/c) ^„-i fii/c? 



{f{u)-xj) {f{u)-xj) ^ {f{u)-xjY 

for integration by parts. The result can now be written as 

(/:f + cif)T'\o - (r^-(c) + r^^(C))/:,' 



^ 2j.,rv'(VC) / (i-»)C"f 

^ (/(I/O - a;,/) V (/(u)-a 



- (/(l/C)-xj) V (/(u)-xj) (/(«)- a:,,) {f{u)-xjY. 

(i-n)C-V'(i/C)' C"-V"(i/C)/'(i/C) , C"-V'(i/C)^ 



(J{u)-xjY {f{u)-xjY {f{u)^xjf. 

and comparison with 

/'(1/C)' \ 



ddC 



ifiyo-xj) 



2 



>-5 /'(I/O' ,,-6/"(l/0/'(l/0 , 0.-6 /'(I/O' 



4r TTTTTTr^^^ - 2r TTTTTTT^^^ + ^C 



{f{l/C)-Xjf ^ UillO^XjY ^ (/(l/C)-x^)3 

yields the anticipated result 

(/:f + cif)T\o - (r^-(o + r^^(0)>c:: 
= (i + n)c"(2r''(0) +C'+"(acr^o) • 

This concludes the proof of Proposition 14.11 since together with results of 
Steps I-III it means 

[£„,r(0] - (l + n)C"(2T(0)+C'+"(acT(0) 

which in turn is equivalent to the £„ forming a representation of the Virasoro 
algebra 

[£„,£„] = {n-m)Cn+m + -n^{n^ -n)5n+mfi ■ □ 

A. 3 Proof of Proposition 14.41 

This appendix contains the computations proving Proposition 14.41 We will 
continue to denote hk by xn+k for simplicity of notation. Thus we will use for 
I — 1, . . . , N (for the variables corresponding to the actual driving processes) 






2 dxj ' j^^^xj - XI dxj {xj-xiY' 
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where the first line corresponds to the operator Vj of null field equation (b) . One 
should observe that for the statement about [T(C),y^/] it will only be necessary 
to require c = i3'-i-^)ie-i^i) ^^^^ g^^ ^ ^^^ ^ ^ i^^^ g^^ ^ ^^^ for J ^ / 
can take any values (in particular this is the case of the passive points yx now 
labeled as xn+k)- 

Let's start by applying Lemma [A. II ifTS]) & (f20|) to the part 






,t^2 /M - /(i/C) ,„^2 ^/A f{v, _ 

EHes.^;:^E^(-c-''^^/'^^^"^"^' 

/'(1/C)' t^-^-m a 



„<_, /H--/,^,9/™v nw)-fii/oJdf, 



^Ss^''"^ /(«)-/(l/C)(/M-x,)2 9/„ 



2 E Res„ C 



_4/'(l/C)^^-^-'/ 1 



-2 \ d 



if{i/o~xirj dfi 



We'll rename the dummy variables w as w and Z as m to combine the two terms. 
In addition we take into account the term T^^ acting on ^^ Res„ ^V x ^ -^— , 
that is 



2 E R-es^ C 



-4 /'(1/C)' V-^-"' d 



The sum of the terms considered above is 

,.-4 f{yc? V T^os "'''" ^ foil 

"^ (/(i/C) - :.,)2 4^, " /(-) - -/ a/,„ • ^'^^ 

The only term that will contain the central charge c comes from the action of 
^^ Res^ fL)_a; a7~ on ^'^j ^-nd it is readily computed with the help of Lemma 



[r=(C),2 E I^es, 



m<-2 



/(w) - XI df„ 



Next, let's see what are the contributions of X]m ReSi, ^Y s^ gj- acting on 
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T^^ and T'*. In both cases Lemma [A . 1 1 (fT9|) will be used. The former is 



2 ^ Res„-f^ E^(r 

^^^ fiv) - XT ■^ dfrr,\ 



,„<_2 /(") - 2;/ ^ 5/™ V /(1/C) - xj/ dxj 

^ V(/(l/C) - xz){/(l/C) - 0:^)2 ^ (/(1/C) - ^/)2(/(l/C) - xj)J dxj 



and the latter 



-2-m 



d f,-,s.,,fii/cr 



y^ 4J.,rV'(l/C)' , 4<5,,rV'(l/C)' 



^V(/(l/C)-X,)(/(l/C)-X,;)3 (/(1/C)-X,)2(/(1/C)-X;) 

What remains is the commutator of T with Vj. This is 

'^ ^^/''^ 2 (/(1/C) - a;,)2 ax? 2 (/(l/C)-xz)4 
'M/(1/C)-^/)3 (/(l/C)-2;,)3^ax, 



E 



2 / 1 a , 24, 



^^,a^j-a;/V(/(l/C)-xj)2 9xj (/(i/C) - xj)3 

v^ xj - xj / -2 d Ahx, \-| 

,^/ (/( VC) - xj)ifil/0 - xi) V {xj - xiY dxj + [x.j - xif)i ■ 

We will collect the different terms from [T, P/] and ^^ ReSt, fL),^. gf- acting 
on T^^ and T'*. The terms with derivatives with respect to xj are 

.-4 r(i/c)^ g^ , r(i/c)^(6-^/-2Kz4j a 
'^ (/(1/C) -^7)2 9x2^^ (/(1/C) ~ x,)3 ax, ^ -"^ 

whereas the terms with derivatives with respect to xj, J 7^ /, are 

-4 c-^:ML V ^— ^ (24) 

^ (/(1/C) - xiY j^^ XJ -XI dxj- ^ > 

We write the pure multiplication operator terms slightly suggestively separating 
parts proportional to {5xj — h^,) 

^ (/(1/C)-X,)4 + A.'' (/(l/^)_^,)2(^^_^^)2 

.V.-4 r(i/c)M4.,-fe..,) 
^/ {f{i/o-xinf{i/o-xj){xj-xj)- ^ ^ 
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We combine the contributions ^, ([22]), ^, ([24]) and ([25]) to yield a 
formula for the commutator 

[T (C) ,Ai] ^C' ,,/Xy^^' ,, (-2Ai-A^ ^^j^h^j 



(/(1/C) - xiY V ^' j^^ (/(1/C) - xj){xj - xj) 
6 - K/ - 2ki6x:j d c + 8Sxj - SkiS^^ 



/(1/C)-X7 9x, (/(l/C)-a;,)2 

It is the first term that we wanted. The other terms vanish if 6xj — h^, for 

J ^ I, Sx, = ^2k' ^'^'^ *- ~ "'^2! '^'~ ^^ claimed. We once again point out 
that for a fixed central charge c there are two allowed values of k, those dual to 
each other via k* — 16/k. D 



B Explicit expressions for £„ 

The following table shows explicitly expressions for the operators £„, n > —2. 
One should interpret fo — 1 and /_i = whenever such factors appear 

d 
Cn = - ^(l + n + 0/„+i^ forn>2. 

l< — n 



l<-3 ^^' ^^dxiJ ^\dyK 

;<-2 ji J 1 K '^'^ 

l<-2 mi,m2<0 •'' 

mi+m2— / — 1 

>C-2 = -|/-2- ^ (a-l)/i-2- 5] /™J™./™3+4/-2/0^ 

/< — 2 mi ,rn2,?n3<0 

mi+m2+m3— ^ — 2 

+ E ((^? - 4x,/_2 - 5/_3) ^ + (3a;2 - 4/_2)<5., 
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